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In 1887, Lord Rayleigh published a theory of a surface wave that later became known as the Rayleigh wave.
The main features of this wave are its attenuation with depth and the fact that its velocity is always less than the
S-wave velocity. Classical textbooks on elastic waves propagation and seismology usually consider the so-called
Poisson solid, in which the Poisson’s ratio is equal to 0.25. In this study, we present some mathematical details
and geometrical aspects that are not discussed in the textbooks. We obtain the Rayleigh cubic equation and
compute its three roots as a function of the Poisson’s ratio. Then, we compute the particle displacements in a
given depth, U(z) and W(z), as well as the instantaneous displacements, u(z, z,t) and w(z, z,t), to demonstrate
the elliptical polarization of the particle motion and to indicate the rotation direction of the geometrical locus.
We find that for each value of Poisson’s ratio, at a critical depth, the rotation direction changes from retrograde
to prograde. Finally, we find the critical depth by three different approaches.

Keywords: Rayleigh wave, Poisson’s ratio, cubic equation, ellipse rotation direction, ellipse eccentricity.

Introduction

In an unlimited, homogeneous, and isotropic solid
medium there are two kinds of elastic body waves, known
as P-waves (longitudinal, fast-traveling pressure waves)
and S-waves (transverse, slow-traveling shear waves).
Lord Rayleigh (John William Strut, 1842-1919) was a
British physicist who made significant contributions to
physics in the 19th and early 20th century, particularly
in acoustics. He also won the Nobel Prize in Physics
in 1904 for discovering Argon gas. His most important
contribution to geophysics was the prediction of the
existence of a surface wave if the solid is not unlimited.
This wave, later called Rayleigh wave, has a rapidly
decreasing amplitude with depth and a velocity less than
that of body waves.

Surface waves are of great importance in both earth-
quake and exploration seismology. The common presence
of Rayleigh wave in the seismic field data is usually
considered a problem, when the Rayleigh wave, also
known as ground roll, is treated as noise and must be
removed or at least have its effect attenuated during the
seismic processing stage.

Rayleigh presented his research results in 1885 and
published them two years later in a British mathematical
journal [I]. His paper, which is also reproduced in
Pellisier et al. [2], does not present modern mathematical
notation. Thus, in this paper, we follow Kolsky’s [3]
notation and approach.
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Lord Rayleigh obtained a cubic equation, now known
as the Rayleigh equation, whose roots can be related to
the Poisson’s ratio v. Poisson’s ratio is a dimensionless
elastic parameter defined as the ratio of lateral con-
traction (normal strain €,,) to longitudinal extension
(normal strain €,,) of a vertical bar under terminal

tractive load, i.e., v = —€z,/€,.. He considered four
cases of Poisson’s ratio, including the Poisson’s solid
(v = 0.25), and also the case of ¥ = —1, which is

not considered in many areas of knowledge, including
geophysics. He ends his study stating that it is not
improbable that the surface waves here investigated play
an important part in earthquakes.

Classical textbooks on elastic wave propagation and
seismology usually consider the case of the Poisson’s
solid, or eventually the case of steel, with v = 0.29.
The root with physical meaning of the cubic equation
for the Poisson’s solid is 0.9194, which means that the
surface wave velocity ¢ is 0.9194 times the value of S-
wave velocity cg.

In a two-page and one figure paper, Knopoff [4]
studied this problem and made velocity ratio curves as
a function of v. Some textbooks, for instance, Ewing
et al. [B], Graff [6] and Miklowitz [7], reproduced
Knopoff’s results. Kolsky [3] produced the particle dis-
placement curves for the case of steel. Also, Viktorov [§]
presented the displacement curves for v = 0.25 and
v = 0.34, stating that the values of the Poisson’s ratio
for most metals lie between these values. Graff [6],
Miklowitz [7] and Achenbach [9] all reproduced his
curves in their textbooks.
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We present some mathematical details and geomet-
rical aspects that are not discussed in the textbooks.
Considering a 2-D half-space limited by an interface
with a homogeneous and isotropic solid medium below
the interface, we obtain the Rayleigh cubic equation and
compute its three roots as a function of the Poisson’s
ratio, varying v from 0 to 0.5. We conclude that only
one root has physical meaning for each value of Poisson’s
ratio. Royer [I0] also presented the three roots with
their real and imaginary parts. We also compute the
particle displacements in a given depth, U(z) and W (z),
as well as the instantaneous displacements u(z, z,t) and
w(x, z,t), to plot the elliptical polarization curves of the
particle motion and to indicate the rotation direction of
the geometrical locus on the curves.

For each value of v, the rotation direction changes
from retrograde to prograde at a critical depth zo. We
find z¢ by three approaches, computing the depth z:
(i) at which the ellipse contracts into a pure vertical
motion when its eccentricity equals to 1; (ii) at which
the value of the derivative dRe[w(z, z,t)]/dRe[u(z, z, t)]
changes from positive to negative; and (iii) at which the
horizontal displacement U(z) is zero.

In this study, we consider only the Rayleigh wave
which attenuates with depth, thus having a physical
meaning. The complex roots lead to the so-called leaking
modes, which are discussed in some books and papers,
such as Hudson [II], Schréder & Scott Jr. [12] and
Chapman [13].

Theory

Surface wave equations

The equations of elastodynamics are given by [3]:

0%u 0A
P = O\*N)% +uVu, (1)
0%v 0A
P = (A+ M)afy + pV>3o, (2)
and
0w 0A
PoE = (A+ M)% + uViw. (3)

where u, v and w are the displacements in relation to
the z, y, and z axes, respectively. A and p are the Lamé
constants (SI unit N/m? or Pascal), which completely
define the elastic behavior of an isotropic medium. A is
the dilatation and p is also known as rigidity.

Consider an elastic medium with a plane limit
expressed by z equal to a constant, e.g., z = 0, so that
the surface wave is confined to the vicinity of this plane
limit, as illustrated in Figure [II We consider a wave
propagating along the x-axis, with displacements that
are invariant in relation to the y-axis.

The Helmholtz decomposition or theorem will be
useful in this study. The displacement vector u can be
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Figure 1: Diagram of a Rayleigh wave whose amplitude
decreases with depth, with oriented axes x and z, displacements
u and w and stress boundary conditions that vanish at the
surface.

decomposed into two independent auxiliary potentials,
the scalar potential ¢ and the vector potential W¥:

u=Vé+Vx .

One additional condition, V - ¥ = 0, provides the
unique determination of the three components of vec-
tor u. With the invariance in relation to the y-axis, the
displacement vector is u = u 1+ w k. Also, the vector
potential ¥ has only non-zero component in relation
to y-axis, that is, ¥ = —¢ j, hence being associated
to rotation in the x — z plane. The negative sign is
adopted for convenience. Thus, we obtain the following
relations between the auxiliary potentials, ¢ and ¢, and
the displacements u and w:

u:%+%’ and w=o g (4)

By expressing displacement as a 2-D vector, u =
uwi4w l%, we can obtain the dilatation, which represents
the relative volume variation in a solid, and defined by
A =V -u. Thus,

0 - 0 - ~ ~ Oou Ow
A= (mz—i— azk)(u 1+ w k) = %—&-a = €ppt€sz,
(5)

in which the normal strains are €;, and €,,, and we
considered dv/dy = 0. Normal strain, for example,
€z, 18 a dimensionless measure of the infinitesimal
contraction or expansion of a particle in a plane given
by x = constant (first subscript) and in the direction
of the z-axis (second subscript). The dilatation can be
expressed in terms of auxiliary potentials by substituting

equation into equation :

Po P9
A=_——+ - =V 6
Ox? + 022 ¢ (6)
The rotation in the plane zz (along the y-axis) is
defined as follows [3]:

_ 99 09y

Ju Ow

% e (7)

2, =
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Substituting equation into equation @, we have
the following:

8% 0%

Ox? T2 0z2 = V. (8)

2w, =
Thus, the potential ¢ is associated with the wave
dilatation, and the potential 1) is associated with its
rotation. The introduction of these two potentials allows
us to separate the effects related to dilatation from those
related to rotation.
Substituting equations and @ into equations
and , respectively:

0% (0 O
p8t2<8x+8z>
P 2 (90, 00
— (e (524 52) .
and

2 (06 00
v (5~ 5)
0 0 0
— 0w 7o)+ (52-50) o

The equations @ and can be rewritten as follows:

0 (5% 0%
Pow <at2> Ty <8t2)

= A+ 20) o (V26) s (), (11)
and
o (0% o (0%
v (52) v (5%)
— 0o L) - L) (12)
_r» Moz :

We separate the functions ¢ and 1 on each side of

equations and :
a9 [(0%¢ 0 ,_s
oo (at) — Ot 2 2 (V%)

0 (0% s
=Py <8t2> +M%(V ¥),

and

ot?
o (0% o .,
= P% <8t2) —H%(V V).

The above equations can be rearranjed as
02<Z> 2 9 2 8y

ot2
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and
32¢
82 8t2

Since the functions are ¢ and 1 independent, each side
of the equations should equal a constant, e.g., E and H:

¢ 2
%[W—(AH % ¢]:

9 2 Y\ _
72 <#V l/fpatg) =L,

2
—(A+2 )V2¢} = a% (p%g - MV2¢) :

and
o[ 02
a[ at(f (A +2p )v%} =H,
o ( 0
32 (o) <

After the integration by x and z in each system of
differential equations, we have the following:

2
paff - (A +2u) V20 = E(2),
ot
2 >y _
and
2
P92~ O+ 2V = H(z).
t
0%y
Paz — pV? = H(z).

The constants vanish since the coordinates x and z
are independent. Thus, we obtain two wave equations:

) 1 8% A+ 2u
= —=— = 1
V3¢ Zoe P (13)
and
1 0%y

Vi) =

cs = \/f (14)

in which cp is the compressional wave velocity and cg is
the shear wave velocity.

cZ o2’

Solutions of the wave equations and boundary
conditions

If we consider a sinusoidal wave which propagates along
the z-axis, in which ¢ is the surface wave velocity, we
obtain the following the solution to equation :

$(z,2,t) = F(z)e' =), (15)
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and the solution to equation :
Y(x, 2, t) = G(z)e!@r=F2), (16)

In the Ansatzes solutions given by equations
and (16), F(z) and G(z) are non-specified functions that
express the wave amplitude variations with the depth.
The angular frequency w present in both solutions is
dependent on the wavenumber k (w = ck), and k is
determined by the wavelength A (k = 27/)).

We determine the second derivatives of ¢ in relation to
x, y and t, and introduce them into equation , which
leads to an ordinary differential equation for F'(z):

F"(2) = (k* = kp)F(2) = 0, (17)

in which kp = w/cp. Equation (17)) associated charac-
teristic equation is

¢ = (K — kp), (18)
and its roots are
@ =—q=—/k*—k%, and ¢ =q=/k?—k3.

(19)
As a result, the differential equation solution is

F(z) = Ae™ % + Ale?%.

It should be noted that A’e?* represents a wave whose
amplitude increases with depth, with no physical con-
sistency. Therefore, A’ must be zero, and the solution
becomes as follows:

F(z) = Ae™ 7. (20)

Following the same steps for the potential ¢, we obtain
the ordinary differential equation

G"(2) — (k* — k3)G(z) = 0, (21)

if ks = w/cs. Equation (21]) associated characteristic
equation is

s? = (k? — k), (22)
and its roots are
s1=—8s=—1/k? —k%, and sp =5 =1/k? —k%.
(23)
Again, the positive root represents a wave whose ampli-

tude increases with depth, without being physically
consistency. Hence, the solution is

G(z) = Be™**. (24)

By substituting equation into equation , the
potential ¢ solution is:

B(z, 2, t) = Ae~ P Wi=ka), (25)
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Similarly, by substituting equation (24) into equa-
tion , the potential ¥ solution is:

Y(x, z,t) = Be % i@i=ka), (26)

The half-space interface is represented by the plane
zy at z = 0. At this plane, due to the absence of matter
above the surface, the boundary conditions of the stress
are:

Uzz|z:0 =0, 0zy|z:0 =0, Uz7;|z:0 =0. (27)

The condition o,, = 0 is not necessary because we
assume invariance with respect to the y-axis.

For a homogeneous and isotropic solid, Hooke’s law is
given by:

Opu A+ 2u A A 0 0 O
Oyy A A+2pu A 0 0 0
o A A A+24 0 0 O
oy | 0 0 0 g 0 0
o 0 0 0 0 p 0
Ouy 0 0 0 0 0 u

E.’I)z

Eyy

622

X

€yz

€zx

Exy

For the 2-D case, the normal stress o, is given by the
third row of the above system, i.e.:

ou ow
Ory = AA 4+ 2ue,, = /\% + A+ 2@5.

The first right-hand side partial derivative of equa-
tion is given by:

du_ 0 (06 00\ _ o 0%

dr Ox \Or 0z) 022 0xdz

By using equations and in equation , we
obtain the following:

du

ox

At the interface z = 0, equation becomes as

follows:

Ou

ox

(28)

(29)

_ 7k2Aefqzei(wt7k:w) + iksBefszei(wtsz). (30)

_ _k,ZAei(wt—kx) + iksBei(Wt_kx). (31)
z=0

The second right-hand side partial derivative of equa-
tion is expressed by:

ow D <8q§ aw) P 9%

(32)

Dz 02\09z 0dx) 922 0200

Similarly, by using equations and in equa-
tion , we have the following;:

z

DOI: https://doi.org/10.1590/1806-9126-RBEF-2024-0277



Bassrei

At the interface z = 0, equation becomes as
follows:

1o} ) )
711) — qZAez(wt—kw) _ Z']ﬂSBez(wt_kw). (34)
0z |,_,
Finally, the condition o,, = 0 results in:

A[(N +2p)¢* — M\k?] — 2Bpisk = 0. (35)

Hooke’s law and the potentials ¢ and v also express
the shear stress o,,:

e (tu, O
Oz = IJ’€ZI - /’[/ az ax
0%y 0% 0%¢
—“(azz‘axz“azax)

or
0se = pls? Bem 52l ke) | 12 posgilwt—ha)
+ 2ikqAe i @t—kn)], (36)
At the interface z = 0, equation becomes:
O aaloco = pls? Bei@t—ko) 4 2 Beilwt—ha)
+ 2ikqAe’ @tk = 0,
or

2igkA+ (s* + k*)B = 0. (37)

Rayleigh equation

By applying the first boundary condition given by
equation , we obtain the following:

A 2uisk
BT 0t 2w — ] (38)

While utilizing the second boundary condition from
equation , we come to the following:

A (s+E?)
B~ —2igh (39)

By combining equations and , we obtain the
following:

dpgsk® = [(X +2u)q* — ME?] (s> + k?),
or

16722 (k2 — K3) (K2 — K214
= [~(A + 2u)kp + 2uk? (2k* — k3)?,  (40)

with ¢? = k? — k% and s* = k? — k%.
Then, we isolate p? at the right-hand side of equa-
tion and simplify it as follows:

16(k* — k%) (k* — k2)k*
= [—(A+2u) kP 4+ 2K%)2 (2K — k)% (41)
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Next, we divide all terms by k2, then cut &8 from both
sides of equation :

kP kg
o(1-38) (- &
kLT K2\
- [—(A + 2 oE 2} (2 - k2> . (42)
On the other hand, if kp = w/cp and kg = w/cg, then

we can have the following relation:

B_wd A "

kp _ _ % _ _ . (43
kg wi/cg o (A+2u)/p A+ 2pu (43)

Let us make oy = kp/kg and substitute the result of

equation into equation :
2 2
16 1—042@ RSN (ks ks
12 k2] k2 k2

L)

Now, we define v = kg/k so that equation
becomes

16(1 - aiy?)(1 —7%) = (2 - )",
or
(V*)? —
Equation is known as the Rayleigh equation.
Finally, we can express the variable ~ as follows:

_ks
k w/e  cs

8(v?)? + (24 — 16a7)7* + 16a] — 16 = 0. (45)

_wfes ¢

Numerical Simulations

Poisson’s ratio, its range and the Poisson’s solid

From the definition of o and the equation , we can
have the following:

z_k%_ H

af = = = . 46
! kK2 X+2u (46)
Using Hooke’s law in the definition v = —€,, /€., we
have the following [3]:
A
V= —-—_. 47
2(A + ) 47

We want to express «; in terms of v. We isolate p and
A+ 2p in equation as follows:

1-2 1-—-
= X and A+ 2p = U (48)
2v v

By substituting the expressions from equation
into equation , we obtain the following;:
1-2v

2
= . 4
Qg 9 _ 9y (49)
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To establish the Poisson’s ratio range, we isolate the
Lamé’s constant A in equation (47]):

2ur = A1 —2v). (50)

Both sides of equation are positive. This implies
that v < 1/2, which means that vp., = 0.5. On
the other hand, if A = 0 at the right-hand side of
equation , then v = 0 at the left-side hand, which
means that v,,;, = 0.

Many seismological problems are simplified by assum-
ing that A = p. Such a material, called a Poisson solid,
is often a good approximation for the earth. In this case,
Poisson’s ratio is v = 1/4 [14]. Using equation ([49)), we
obtain a? = 1/3. For this value of o, equation
becomes

3(v%)? — 24(4*)% + 567% — 32 = 0,
or

[V = 4][3(v*)* = 12(+*) + 8] = 0,
and its roots are

2
2
=24 — =3.1547, and
V2 \/§

2
2=92_— " =0.8453.
V3 \/g

The roots 77 and 73 lead to complex values in the
F(z) and G(z) expressions. Thus, the only possible root
is 72 = 0.8453, or 3 = 0.9194, which means that the
surface wave velocity ¢ is 0.9194 times the value of the
shear wave velocity cg.

’7%:4’

Computation of roots and velocities

By setting Av = 0.01, we have 50 Poisson’s ratio values,
from v = 0.01 up to v = 0.50. We calculate o? for
each value of v and compute the three roots of the
Rayleigh equation using the classical method described
in Annex 1. Figure[2]illustrates the relationship between
a1 and «y, while Figure [3| displays the values of the
three roots. Because the roots are generally complex,

0.7 |
0.6 |
05 r
0.4 r
03|
0.2 |
0.1r

o4 =clcp

0 1 1 1 1 1 1 1 L
0.87 0.88 0.89 0.9 0.91 0.92 0.93 0.94 0.95 0.96
Y =clcg

Figure 2: Factor a1 = cg/cp as a function of the root v = ¢/cs.
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L |
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_1 L |
_2 [ |
0 0.1 0.2 0.3 " J
Poisson'’s ratio v
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5F T T Re(Yg'z) -
IM(y32) =reeeeeee
| _
| _
o, —
g
g 1r |
| _
 a——— _
e T |
0 0.1 0.2 0.3 " -

Poisson’s ratio v

()

Figure 3: Real and imaginary parts of the Rayleigh equation
roots as a function of the Poisson’s ratio v: (a) first root, 3,
(b) second root,y7, (c) third root,73.

two curves are presented for each root. The six curves in
Figure [3] can be superimposed, as displayed in Figure [4]
This result was first presented by Royer [10].

In this study, we only consider the roots with physical
meaning. According to equation , the condition
k > kp is necessary to obtain a real positive ¢, which
represents a surface wave that attenuates with depth. On
the other hand, the condition k£ > kp leads to ¢ < cp.
According to equation , we also need k > kg to have
a real positive s, which again represents a surface wave
which attenuates with depth. Similarly, the condition
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x P
0 (o)
2 M

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Poisson'’s ratio v

Figure 4: Real and imaginary parts of the Rayleigh equation
roots, %, 72 and ~2, as function of the Poisson’s ratio v.

k > kg leads to ¢ < cg, which is equivalent to v =
c/es < 1.

As seen in Figure a), the first root is always real,
that is, Im(y#) = 0. The second root, 73, in Figure b),
is real if ¥ < 0.264 (see Appendix A). Also, the third
root, 72, in Figure c), is real if v < 0.264. To ensure
that the condition v < 1 is satisfied, we select root v2
values in the range v = [0.01,0.26], and then 7 values
in the range v = [0.26, 0.50].

In a two-page and one figure short paper, Knopoff [4]
studied this problem and derived the velocity ratio
curves as a function of v. Some classical textbooks of
elastic wave propagation reproduce Knopofl’s results, for
instance, Ewing et al. [B, p. 340], Graff [6] p. 326] and
Miklowitz [7, p. 148]. Figure [f[a) illustrates the ratio
cs/cp as a Poisson’s ratio function, while Figures [5(b)
and [5|(c) display the ratios ¢/cp and c/cg as Poisson’s
ratio functions, respectively. Figure c) presents a
limited range for the Rayleigh wave velocity ¢, ranging
from 88% to 94% of the S-wave velocity cg.

Attenuation with depth

In a homogeneous, isotropic half-space the surface wave
propagates without dispersion, because the mathemati-
cal relation between the Rayleigh wave velocity ¢ and the
S-wave velocity cg (v = ¢/cg) is univocal and does not
involve angular frequency w. The ~ ratio depends only on
Poisson’s ratio v, which is constant for a given half-space.
However, even in an ideal medium, there is attenuation
with depth z. This attenuation is represented by the
indexes ¢ and s, which are present in the expressions
of displacements v and w. Thus, from equation we
have the following:

u(z, z,t) = (—iAke™7* — Bse *%)elWi=ka), (51)
and

w(z, 2,t) = (—Age™ % + iBke™*)e! @tk (52)
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CS/CP

0 0.1 0.2 0.3 0.4 0.5
Poisson'’s ratio v

(a)

0.8 r 1

clcp

0 0.1 0.2 0.3 0.4 0.5
Poisson’s ratio v

(b)

0.98 1
0.96 1
0.94
092 r 1
0.9 r 1
0.88 r
0.86 1
0.84 1
0.82 .

0.8 1 1 L 1
0 0.1 0.2 0.3 0.4 0.5

Poisson'’s ratio v

(c)

clcg

‘\{:

Figure 5: Velocity ratios as a function of Poisson’s ratio v
ranging from 0.01 to 0.50: (a) cs/cp, (b) ¢/cp, (c) ¢/cs.

By substituting equation into equations
and , we have, respectively:

u(x, z,t) = Aik [—e_qz +2¢s(s* + k2)_1e_sz] ellwt—kz)
(53)
and

w(z, z,t) = Agq [—e_qz +2k2(s? + k2)_1e_sz] gilwt—ka)
(54)

Using Euler relation, e/“!=%%) = cos(wt — kx) +
isin(wt—kx), and taking the real part from equation
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we have the following equation:
Re[u(z, z,t)] = U(z) sin(wt — kx), (55)
in which
U(z) = Akle™ % — 2gs(s* + k%) te ). (56)
And, from equation we have that:
Re[w(z, z,t) = W(z) cos(wt — kx), (57)
in which
W(z) = Aq[—e 9% + 2k (s> + k*) " te™*7]. (58)
From equation we have that

2 2
q kp 2,2
gl e

in which oy = kp/ks and v = kg/k. Thus,

q=ky/1-afy? =k, (59)

in which 8 = /1 — afy2.
Similarly, from equation we have the following:
f =1= ﬁ =1- 727
2 k2

in which v = kg/k. Thus,
s = ky/1—~2 =k, (60)
in which 6 = /1 — 2.

The Rayleigh wave will not attenuate with depth if
s is complex. Consequently, the parameter s has to be
real, which, again, implies the condition v < 1.

By using equations and in equation , we

obtain:
0= 2 o (23)
— 2B6(6% + 1)~ exp(—%’é%)}, (61)

in which k = 27 /A.
Similarly, using equations and into equa-

tion :

W(z) = 2mpA [— exp (—27752)

A
+2(0%+ 1) texp (—27r5§)} . (62)

Equations and can be normalized by the
vertical displacement at the surface. If z = 0:

2nBA
A

W(0) = [—1+2(82+1)71].
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Thus,
U(z)
W(0)
8 [exp <—27T6§) —2B6(6%2+1)"Lexp (—271'6;)}

C1+202+1) 7 ’
(63)

[— exp (—27r,6’§> +2(6%2+1)"texp (—27‘(‘5;)] |

[—1+2(6%+ 1)1
(64)

Alternatively, displacement U(z) can also be normal-
ized by its correspondent displacement at the surface. If
z=0:

U(0) = 8 12856 + 1)
and
U o (22n83) ~2600° + 1) exp (-2m55) |
vy - 125 +1) 1 ~

(65)

By using equations and , Kolsky [3, p. 22]
produced the displacement curves for the case of steel
(v = 0.29). With the same equations, Viktorov [8, p. 5]
displayed the curves for v = 0.25 (Poisson’s solid) and
also v = 0.34, stating that between these values are the
Poisson’s ratio values for most metals. His results are
reproduced in Graff’s [6, p. 327], Miklowitz’s [7, p. 150]
and Achenbach’s [9, p. 192] textbooks.

The range for v used by Viktorov [8] is rather
limited, although suitable for geophysical applications.
Therefore, it would be interesting to check the behavior
of the curves for other v values. Besides the Poisson’s
solid, we consider both a low and a high v value. Figure[f]
shows the Rayleigh wave displacement in the horizontal
direction, U(z), as a function of relative depth z/\, for
Poisson’s ratio v = 0.05, v = 0.25 and v = 0.45. This
displacement was carried out without normalization in
Figure [6[a) using equation (6I), with normalization by
W(0) in Figure @(b) using equation , and with nor-
malization by U(0) in Figure [6{c) using equation (65).
And for the same three Poisson’s ratios, the vertical
displacement, W (z) is shown in Figure without
normalization in Figure [7[a) using equation and
with normalization by W(0) in Figure [f[b) using equa-
tion . All curves presented in Figures |§| and |7| have
an asymptotic behavior with depth, which is consistent
with a surface wave, in which the energy is concentrated
in the surface region.
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Figure 6: Rayleigh wave particle motion in the horizontal
direction, U(z), as a function of relative depth z/), for different
values of Poisson’s ratio v: (a) without normalization, (b) with
normalization by W (0), (c) with normalization by U(0).

Elliptical polarization
Rayleigh waves show a unique behavior in the elastic
wave propagation, which is the elliptical polarization of

displacement components. From equation we have
that:

sin(wt — kx) =

DOI: https://doi.org/10.1590/1806-9126-RBEF-2024-0277
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g
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]
(v4

06 0.8 1 12 14 16
Relative depth z/A

(b)

0 02 04

Figure 7: Rayleigh wave particle motion in the vertical direction,
W (z), as a function of relative depth z/\, for different values
of Poisson’s ratio v: (a) without normalization, (b) with
normalization by W (0).

and from equation we can write the following;:

Re[w(nz,t)].

cos(wt — k) = W)

By using sin?(wt — kx) + cos?(wt — kx) = 1, we obtain
the following:

Relu(z, z,t)]?
[U(2)]?

which is the equation of an ellipse, where U(z) and W (z)
are its semi-axes.
Using the normalization defined by the equations (64))

and :
Relu(x, z,t)]?
[U(2)/U(0)]?

We calculate the amplitudes and rotation directions
of the elliptical trajectories, for different values of v and
for different relative depths for a given v. We considered
xz = 0 in equation @ for the plotting of all ellipses
in such a way that the phase becomes 6§ = wt, or in a
discrete form,

Re[w(z, z,t)]? _q

wep b (6

Refw(a, = 0>
wewor - O
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Figure 8: Normalized amplitudes particle motion elliptical trajectory with Poisson’s ratio v = 0.05 for different relative depths: (a)
z =0, (b) z = 0.1\ (c) z = 0.2\, (d) z = 0.3), (e) z = 0.4\, (f) z = 0.5\. Notice that the particle motion changes from

retrograde to prograde between z = 0.2\ and z = 0.3\.

We adopted At = 0.01 s, which resulted in
0, = 0.027k, k= 1,100. Figure [§ shows the Rayleigh
wave elliptical polarization for Poisson’s ratio v = 0.05,
for six relative depths: from z = 0 in Figure [§fa) to
z = 0.50\ in Figure f). There is the retrograde motion
for z = 0, z = 0.10X and z = 0.20A, and the prograde

Revista Brasileira de Ensino de Fisica, vol. 46, €20240277, 2024

motion for z = 0.30A\, z = 0.40\ and z = 0.50A. In
other words, the behavior change happens in some depth
between z = 0.20A and z = 0.30\. Because of the
normalization, the amplitudes (ellipse semi-axes) at the
surface, in both vertical and horizontal directions, are
equal to 1.0 in Figure a), which results in a circle.
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Figure 9: Normalized amplitudes particle motion elliptical trajectory with Poisson’s ratio v = 0.25 for different relative depths: (a)
z =20, (b) z = 0.1\ (c) z = 0.2), (d) z = 0.3), (e) z = 0.4\, (f) z = 0.5\. Notice that the particle motion changes from

retrograde to prograde between z = 0.1\ and z = 0.2)\.

For Poisson’s ratio ¥ = 0.25 (Poisson’s solid), and the
same six depths, a similar array of ellipses appears in
Figure @ A slight increase in the amplitudes of U(z)
and W (z) is noted when comparing the results at a given
depth, for v = 0.25 with those for v = 0.05. This is due to
the fact that v increases with v, which by its turn implies
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into an increase in the factor 2(6%2 +1)71 = 2(2 — %)L,
present in both the expressions for U(z) and W(z).
The results for a high Poisson’s ratio (v = 0.45) are
presented in Figure For the same reason, there is a
slight increase in the amplitudes of U(z) and W (z) when
comparing the results at a given depth, for v = 0.45 with
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Figure 10: Normalized amplitudes particle motion elliptical trajectory with Poisson's ratio v = 0.45 for different relative depths:
(a) z=0, (b) z=0.1X, (c) z = 0.2X, (d) z = 0.3X, (e) z = 0.4, (f) z = 0.5\. Notice that the particle motion changes from

retrograde to prograde between z = 0.1\ and z = 0.2).

those for v = 0.25. In fact, it was necessary to modify the
scale, due to the fact that most semi-axes were greater
than 1.0.

Finally, the rotation change in the ellipse can be
analyzed in detail. For this, we will consider only the
case v = 0.25. The motion becomes prograde at some
point between z = 0.10\ and z = 0.20\, as indicated

Revista Brasileira de Ensino de Fisica, vol. 46, €20240277, 2024

in Figure[] Figure[I]shows the Rayleigh wave elliptical
polarization with Poisson’s ratio v = 0.25 for six relative
depths, from z = 0.17X in Figure [L1j(a) to z = 0.22\
in Figure f). By comparing it with Figure @ the
horizontal scale is now exaggerated 5x. Also, the particle
motion changes from retrograde to prograde between
z = 0.19X and z = 0.20\, which is closer to z = 0.19\.
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Figure 11: Normalized amplitudes particle motion elliptical trajectory with Poisson’s ratio v = 0.25 for the relative depths:
(a) 2=0.17X, (b) z = 0.18), (c) z = 0.19A, (d) z = 0.20), (e) z = 0.21A, (f) z = 0.22X. Notice that the when compared
to Figure [9 the horizontal scale is exaggerated 5x. Notice also that the particle motion changes from retrograde to prograde

between z = 0.19X and z = 0.20\.

The determination of the critical depth, when the
ellipse movement changes the rotation direction from
retrograde to prograde, is presented in Appendix B.
Another interesting detail, which is the depth at which
the ellipse has the longest vertical semi-axis, is discussed
in Appendix C.
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Conclusions

Rayleigh waves are very important in both earthquake
and exploration seismology. In this study, we showed
some mathematical details and geometrical aspects not
discussed in the textbooks. We derived the Rayleigh
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cubic equation and computed its roots as a function of
the Poisson’s ratio v. We also computed the particle dis-
placements, plotted the elliptical polarization of the par-
ticle motion and indicated the rotation direction at the
geometrical locus. We observed that each value of v, the
rotation direction changes from retrograde to prograde
towards a critical depth z¢. We obtained the value of z¢
by three approaches. Finally, we determined the depth
a which the ellipse has the maximum vertical semi-axis.
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Annex 1: Solution of the Cubic Equation

The method presented here is available in several Mathe-
matics textbook, for example, Griffiths [I5] and Birkhoff
& Mac Lane [I6]. Consider the cubic equation

ax® +baz® + cx +d =0, (1.1)

in which a, b, ¢ and d are real constants. Dividing all the
coefficients by a, we obtain the following result:

) b d
Pttt Sar o, (1.2)
a a a
We now insert an auxiliary variable y:
b
=y - — 1.3
=Yoo (1.3)

into equation (|1.2)), obtaining:

3_|_ E ﬁ _|_ E £+§ _O
y a 3a2)Y 273  3a2  a)

or
y*+Cy+ D=0, (1.4)
where
_c ¥
a 3a?’
and
2b3 be d

T 2@ 3a2 ' a
Equation is known as reduced cubic equation.
When a second auxiliary variable, z, expressed by:
C
3.
with z # 0, is used in equation , the result is
expressed by:

y=z— (1.5)

3

C
3—7 =
z 5723 + D =0,

or
C?
6 3
+ Dz —— =0
z z > ,

with C' # 0.
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In equation (1.6), we use a third substitution,
expressed by 23 = w, resulting in
03
2
w4+ Dw — — = 0.
+ 27

Equation (|1.7)) is a quadratic equation with the following
roots:

(1.7)

—D + /D% +4C3)27
wyp =
and
—D —\/D? +4C3)27
wo = .

2
Thus, the roots of equation (|1.6) are

D+

D2 +4C3/27
ER a2

and

—D — /D% +4C3)27

3 _ _ .3

If we multiply 23 by 23, we obtain

03
3.3 _ _
R1Rq = 977
or
C
2174 = 75. (18)

By substituting equation (1.8]) into equation (1.5]), we
get:

Y1 =21 — 5— = 21+ 24,
32’1

or

i/—D +/D? +4C3 )27
y1 = 5

i,/D — /D? +4C3)27
+ 5 .

The root y, is

C
Y=21—g =21tz =Y.
32’4
The same procedure can be applied to the other
roots, that is, yo = y5 and y3 = yg. Subsequently, we
calculate the real root of the equation (|1.1) using the
equation (|1.3)):
b
T =Yy — —.
1=U 3a
With the root x1, we can decompose the cubic equa-
tion as follows:

az® +br® +cx +d= (v —x1)(ax® + bz + 1),
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in which
by =ax1 +0b,
and
c1 = aac% + bz + c.

Finally, we can obtain the other two roots, z2 and =3
by using the well-known formula:

7b1 —+ \/ b% — 4(101
2a ’

T =

and

—by — /b? — dacy

T3 —
2a

Appendix A: The Limit Value v = 0.263
In Annex 1 we saw that the reduced cubic equation is,
y*+Cy+D=0.

Its discriminant A can be expressed [16], p. 120] as:
A = —4C3 - 27D (A1)

The following theorem is useful for this study. A
quadratic or cubic equation with real coefficients has real
roots if its discriminant is non-negative, and two imag-
inary roots if its discriminant is negative [16] p. 120].

Thus, for real roots, we have that A > 0, or

—403 > 27D2. (A2)
The coefficients of the equation are:
a=1, b=-8, c¢=24-16a}, and d= 16a3—16.

Thus, by using the expressions for C' and D from
Annex 1, we have

c b2 8
=- - =2(1-6a? A
C=C- 2 =20-6ad) (43)
and
253 be d 16
= — — 4+ 2= (17— 45a2). A4
27a3 3a2+a 27(7 5@1) (A4)

By substituting equation (A3]) and (A4) into equa-
tion (A2)), we obtain

(1203 —2)° > (17 — 4503)°. (A5)

Let us consider the limit case, A = 0, so that
equation (A5]) becomes,

(1202 —2)° = (17 — 4503)°, (A6)
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Figure Al: The discriminant A of the cubic equation as
a function of Poisson’'s ratio v. Notice that A = 0 for
V = Viimit — 026308

or

192(a?)? — 321(a?)? 4 186(a3) — 33 = 0. (A7)

Equation (A7) is a cubic equation in (a?), and its roots
can be determined by the method described in Annex 1:

(a?); =0.3214, (a3)y = 0.6752 +i0.2806, and
(a?)3 = 0.6752 — i0.2806.

The second and third roots do not have physical mean-
ing, otherwise they would lead to complex velocities.

The value o? as a function of v was expressed in
equation . The reciprocal of this relation, that is,
the value of v as a function of o is then:

_ 1—2a2

v= :
2 — 203

(A8)

By substituting (a?); = 0.3214 in equation (AS)), we
have

V = Viimit = 0.26308. (Ag)

In conclusion, for values of v < vmi:, we have that
A > 0 and the three roots of the Rayleigh equation
are real. For values v > vjmit, we have that A < 0
and one root is real and the two other are complex
conjugates. Figure [AT] illustrates this behavior for a
region around Vjm;. Based on the mentioned theorem,
we would expect to have all the three roots real, because
we considered the case A = 0 to obtain the roots.

Appendix B: Critical Depth

There are three possible ways to determine the exact
depth at which the particle motion changes from retro-
grade to prograde.

(1) We can study an ellipse by its eccentricity. From
the presented results, the ellipse is always vertical; that
is, W(z) > U(z). The eccentricity, e, is given by:

o % _ ueuop
W) /WP

(B1)
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Figure B1: Normalized amplitudes eccentricity of the particle
motion as a function of relative depth z/\, for different values
of the Poisson’s ratio: (a) the whole range of relative depth;
(b) detail of the region where the particle motion changes from
retrograde to prograde.

Using equation (BI), Figure shows the particle
motion eccentricity as a function of relative depth z/A
for different values of the Poisson’s ratio. The whole
range of relative depth is displayed in Figure a).
Figure b) shows a region in detail, where the par-
ticle motion changes from retrograde to prograde. This
happens at a critical depth, z¢, when the vertical ellipse
contracts in the horizontal direction; that is, U(z) = 0,
which implies e = 1, and the particle motion displays
a pure vertical locus. With the horizontal semi-axis
contracting to zero, the resulting curve in theory would
be a parabola which has e = 1. By checking the numbers
of Figure (b) with a higher precision, we obtain that
zoc = 0.2419) for v = 0.05, z¢ = 0.1925) for v = 0.25,
and z¢ = 0.1482)\ for v = 0.45. One interesting feature
is the fact that with normalization, the eccentricity
is zero at the surface. This happens because both
displacements U(z) and W(z) are normalized, implying
that the geometrical locus is a circle, and e = 0 for a
circle.

(2) The direction is given by ellipse’s derivative: if
an ellipse has a retrograde motion, then Re[w(z, z,t)]
increases with the increase of Relu(z, z,t)]. Thus,

dRe[w(z, 2, t))

dRe[u(z, 2, t)] > 0.
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as a function of the relative critical depth z./\.

Figure B2: Derivative , numerically calculated,

On the other hand, if an ellipse has a prograde motion,
the opposite happens; that is, Re[w(z, z,t)] decreases
with the increase of Re[u(z, z,t)], and

dRe[w(x, z,t)]

dRelu(z, z,1)] <0

The derivative can be expressed as,

dRe[w(z, 2,t)]  ARef[w(z, z,1)]
dRe[u(z, z,t)]  ARe[u(z, z,1)]
AW (z) cos(wt — kx) AW (z)

AU(2) sin(wt — kz) ~ AU(2) cot(wt — kx).
(B2)

We do not need to consider the whole ellipse since we
just want to check the direction at a given depth. We
can compute numerically equation (B2)), by calculating
Re[w(z, z,t)] and Relu(x, z,t)] in t; and ty = t; + At,
for any horizontal distance x and a given depth z. If we
consider just the first quadrant, the function cot(wt—kz)
is always positive.

When U(z) and W(z) are both positive, then
AW (z)/AU(z) is also positive, and the motion will be
retrograde. On the other hand, when U(z) is negative
and W(z) is positive, then AW (z)/AU(z) is negative,
and the motion will be prograde.

Figure [B2| shows the derivative expressed in equa-
tion , numerically calculated, as a function of the
relative critical depth z./A. This scenario indicates the
same values provides by the approach (1), that is, zc =
0.24X for v = 0.05, z¢ = 0.19X for v = 0.25, and
zo = 0.15) for v = 0.45.

(3) By making U(z) = 0 in the equation (56, we
can find exactly the critical point for a given Poisson’s
ratio v:

Ale™ %% —2¢s(s* + k*)"te %] = 0,
or

(s — q)z = log[2¢s(s* + k*)71]. (B3)
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Figure B3: Relative critical depth z. /A as a function of v. Notice
that the critical depth becomes shallower with the increase of v.

Using the equations (59) and in equation (B3|,

we obtain the expression:

(zwawm )

9 _
zo _ . B4
A 2m(V1-92 =1 -afy?) (>4

According to equation , the relative critical depth
2./ A depends on the root value 42 and on the parameter
ay. On its turn, v depends on a1, and a1 depends on v.
Figure shows the critical depth z./\ as a function of
v. Notice that z./A becomes shallower with the increase
of v.

Notice that the critical depth zo computed here
corresponds to the change from positive to negative
sign in the U(z) or normalized U(z) curves presented
in Figure [0}

Appendix C: Ellipse Longest Semi-axis

There is a particular depth at which the ellipse has
the longest vertical semi-axis; that is, it coincides with
the maximum of function W (z). If we differentiate
equation in relation to z, we have the following:

dW (z)
dz

Its maximum point is related to the condition
W(z)/dz = 0, which leads to:

= Aqlge™ %% — 2k?s(s* + k%) te ).

2k?s
- =log | ———+ C1
(5 ) =tog |22 (1)
Using the equations and in equation (CIJ),
we have
24/1 —

log

zZ_ [\/1—047(2 ”Y)] (2)

A 2n(y/1-92 — /1—af?)

According to equation ((C2)), the relative depth z/A (in
which the ellipse has the longest semi-axis) depends on
~% and on ;. Again, on its turn, v? depends on a1, and
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Figure C1: Relative depth z/X in which the ellipse has the
longest semi-axis, as a function of v.

a1 depends on v. Figure [CI] shows the variation of this
relative depth z/\ as a v function. Notice that this depth
is usually shallow and becomes a little deeper with the
increase of v. Checking the numbers of Figure 15 with a
higher precision, we have that z = 0.0162\ for v = 0.05,
z = 0.0765\ for v = 0.25, and z = 0.1270\ for v = 0.45.
These values are consistent with the three maxima of

Figure [7{a).
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