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A concise review of various mathematical formulations of the uncertainty relations in quantum mechanics
discovered since 1927 is given. Besides the traditional Heisenberg inequality, the modifications made by
Schrodinger and Robertson, as well as generalizations to sets of several noncommuting operators, are considered.
The “entropic” inequalities and “local” uncertainty relations, together with inequalities which connect the so-
called total width and the mean peak width of a wave function, are discussed. Inequalities for the products
of higher order moments of the coordinate and momentum are presented. Inequalities making the uncertainty
relations more accurate when the “purity” of a quantum state is fixed are demonstrated. Diverse formulations of

the energy-time uncertainty relations are considered.
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1. Introduction

The famous “uncertainty relation” (UR)
AzAp > h/2 (1)

was introduced by Heisenberg [I] in 1927 as an approxi-
mate (qualitative) inequality. Later in the same year, one
of its quantitative formulations (actually, the simplest
possible one) was proven rigorously in the frameworks
of the wave function description of quantum systems by
Kennard [2]. Since that time, relation is frequently
considered as one of cornerstones of quantum mechanics.
For example, Feynman told in his lectures [3]: “The
uncertainty principle “protects” quantum mechanics.
Heisenberg recognized that if it were possible to measure
the momentum and the position simultaneously with
a greater accuracy, the quantum mechanics would col-
lapse.”

Since this subject is discussed in every textbook on
quantum mechanics, one could imagine that it was
closed many decades ago. Nonetheless, it is remarkable
(and, perhaps, surprising) that new papers, devoted
to generalizations of the UR and their consequences,
still appear in the physical and mathematical literature.
Moreover, some “burst” of publications on this subject
is observed during a few past years, related mainly to
problems of the quantum information theory.

The aim of this mini-review is to bring examples of
the most impressive results achieved during almost 100
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years passed since 1927. In the most cases, only the final
results will be given. Detailed proofs can be found in
numerous references.

2. Uncertainty Relations Based on
Variances

Following Heisenberg [I], the “uncertainty” of a quantity
A is frequently defined as the square root of its vari-
ance (or mean squared deviation) o4 = (A2) — (A)2,
ie., AA = \/o4. Here A is the Hermitian operator,
corresponding to the observable A, and the angular
brackets mean averaging over the state of the quantum
system: <A> = fw*/ivjz dV for a pure state described

by means of the normalized wave function ¢ or (4) =
Tr(pA) for a mixed state described by means of the
Hermitian positive definite operator p with Tr(p) = 1.
Note that Heisenberg considered only Gaussian wave
packets, for which relation (1) is an equality, whereas
in more general situations he confined himself to the
analysis of several “thought experiments” (considered in
a more detailed form by Bohr [4]). For arbitrary pure
states, the inequality

0,0, > h? /4 (2)

was obtained for the first time by Kennard [2].

A generalization of relation to the case of “classi-
cal” observables A and B, i.e., some functions of the
canonically conjugate coordinates and momenta, was
made by Robertson [5] (for pure quantum states):

1

0A0B 2> 1

(14, BY|

(3)
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However, simple examples show that in many cases the
left-hand side of (|3|) turns out bigger than the right-hand
one. This means that, probably, one should add some
extra terms to the right-hand side, taking into account
some additional parameters or specific properties of
concrete quantum systems under consideration. The
first step in this direction was made by Schrodinger
in paper [6] (its translation into English can be found,
e.g., in paper [7]). He obtained a more precise version
of . taking into account the average value of the
anticommutator of operators A and B:

oA0B > 0Ap + — 1 '<[A é}>' = Ghp, (4)

oun=3({14.38)),

The same inequality (4) was given by Robertson [8], but
he wrote the right-hand side in a different form, which
a2
is equivalent to G% 5 = ‘<(5A)(6B)>‘ .
Applying to the coordinate and momentum oper-
ators, one arrives at the following generalization of :

SA=A—(A). (5

2, > h/A. (6)

Op0z — O

Note, however, that inequality (6] was not written
explicitly in Refs. [6] 8]. Inequality (6]) can be rewritten
in the form [9] [T0]

>_P Tep
opo r=
PEE =4 (1 —r2)’ NG

demonstrating the role of the “correlation coefficient” r
as an additional parameter responsible for the increase
of product o,0;.

In the case of two arbitrary (not necessarily Hermi-
tian) operators A and B, the main inequality has the
form [9]

(7)

<52ﬂ521> <5BT5B> > i ‘<5AT5B . 53*5A>]2

1 N N N A\ 2
= 1 T
+4<6A 6B +6B15A) . (3)

A s1mple example of non-Hermitian operators is A=a
and B = a', where G and a' are the boson annihilation
and creation operators: [a,a] = 1. Then, the following
inequality must hold for the quantities o, = <d2> — (&)2

and oy = (ata) —|(a)[*:

Sy (On +1) — |oa|* > 0. (9)
For the fermion operators, satisfying the relations
{b,b'} = 1 and b? = 0, the following inequality holds:
2

. (10)

o (L= 3w) = [{B)|* = 0, - |(®)

Another form of this inequality is

(BT B)(BDT) + |(B)[*(bTb — bbT) — 2[(B)|* = 0. (11)
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A disadvantage of inequality is that it often
becomes trivial for operators different from the coordi-
nate and momentum ones, due to the very simple reason:
for many states and operators the right-hand side of
equals zero, while the left-hand side is obviously positive.
For example, this is the case for the angular momentum
operators, for which relation assumes the form

LuwLyy > (R?/4)L2, (12)

where the following notation is used to simplify formulas
for operators labeled with indexes:

7 =(Z), 2k = 2nj = 552+ Zkj) — (%) (Zk)-

If the average value of operator L, equals zero, rela-
tion gives no information about the variances L.,
and L,,. (Nonetheless, inequality is important,
because it tells us that at least one average value
(Ly) with k # j must be zero for any eigenstate of
operator L;.)

An insufficient efficiency of relation may be
explained, partially, by the fact that three equivalent
noncommuting operators Lx, Ly and Lz enter this
relation on an unequal footing. Therefore there exists
a need in generalizing inequalities (3]) or . to systems
of many (more than two) operators. ThlS problem was
considered for the first time by Robertson [II]. His
results and some generalizations are given in the next
subsection.

2.1. Robertson’s inequalities for N arbitrary
operators and their generalizations

Considering N arbitrary (not necessarily Hermitian)
operators 21, Z9,..., 2y and following Robertson, one
can construct the operator f = Z;VZI a;(2; — (%)),
where o; are arbitrary complex numbers. All the fol-
lowing results are based on the fundamental inequality
( ft f> > 0, which must be satisfied for any pure or
mixed quantum state (the symbol fT means the Her-
mitian conjugated operator). In the explicit form, this
inequality is the condition of positive semi-definiteness of
the quadratic form a;F imQm (hereafter the summation
over identical indices is assumed), whose coefficients
Fjm = (2] = (2)))(2m — (£m))) form the Hermitian
matrix F' = ||Fj,|. One has only to use the known
conditions of the positive semi-definiteness of Hermitian
quadratic forms (see, for example, [12HI5]) to write
explicit inequalities containing the elements of matrix F'.
All such inequalities can be considered as generalizations
of inequality to the case of more than two operators.

If all operators Z; are Hermitian, then it is convenient
to split matrix F'as F' = X +:Y, where X and Y are real
symmetric and antisymmetric matrices, respectively,
consisting of the elements

X = 5 {om = (2m)), Gn = ()P, (13)
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Lo
Yon = Z <[Zma Zn]> . (14)
The symbols {, } and [, | mean, as usual, the anticom-

mutator and the commutator. An important inequality
derived by Robertson [I1] reads

X11X22...XNN ZdethdetY (15)

It is worth noting that det Y > 0 for any antisymmetric
matrix Y (although det Y = 0 if N is odd number). Many
other inequalities and their geometrical interpretations
can be found, e.g., in papers [10, [T6HIS].

For a system of n coordinate and n momentum oper-
ators, matrix F' can be represented as F' = Q — ih¥/2,
where 2n X 2n matrices () and X consist of n x n blocks:

Qp  Qpe H 0 B,
= ; Y= )
Q Hpr Qw _En 0
E,, being the n X n unit matrix. Then,
det(Qp) det(Q,) > (h?/4)" . (16)

The consequence of relation reads

(”3?) (E) (p?) (17%) > det(Q) > (h*/4)",
since det Y = (h/2)?" det & = (h%/4)". (17)

2.1.1. Inequalities for the traces of covariance
matrices

A weakness of the product inequality is that its left-
hand side turns into zero for eigenstates of operators A
ot B. Therefore several authors looked for inequalities,
whose left-hand sides contain, instead of products, sums
of variances (or their square roots — “uncertainties”) of
the observables. One of the first papers in this direction
was published by Turner and Snider [I9], who considered
the special case of three space dimensions. Generalizing
their scheme to n spatial dimensions, the following
inequality can be obtained [10]:

Q) THQ) 2w 4 [T (@) (18)

It turns into the equality for the ground state of the
n-dimensional harmonic isotropic oscillator.

If two observables, A and B, have the same phys-
ical dimensions, an immediate consequence of the
Robertson—Schrédinger inequality is

CTA+O'BZQ|GAB|. (19)

Taking the sum of such inequalities with respect to all
pairs of observables z1, 29, ..., 2y, one can write [20]

2
N1 > > ikl

1<j<k<N 1<j<k<N

Tr(X) =

2
ikl 2=
‘GJk?‘—N_l
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with N(N — 1)/2 terms in the right-hand side. For
the even number of operators N = 2m, Trifonov [20]
obtained the inequality containing only m terms in the
right-hand side:

Te(X) > 2 |Gjjeml 22D |Vjjpml- (20)
j=1 j=1

Another simple inequality was proved in [21H24]:
1/2

nx 22 (Y
<k

1/2

= [2Tr(YY)] (21)

2.1.2. Inequalities for sums of uncertainties

The following inequality containing the standard devia-
tions (“uncertainties”) AA = /o4 and AB = /o was
found in [25]:

AA+ AB > A(A+ B). (22)

Obviously, it is assumed here that observables A and B
(described by means of the Hermitian operators) have
the same dimensions, in order that the observable A+ B
could have a sense. Otherwise, some rescaling factors
should be used. A generalization of to the case of N
observables and arbitrary real numbers p; has the form

N N
Z |pz|AAz > A (ZZM/L) . (23)
=1 i=1

Combining with the Robertson inequality , one
can arrive at the inequality

N M
> IpslAA; (Z |QkABk>
j=1

k=1
N M

Z% ZijquAijkD - (29

j=1k=1

For N coordinates and momenta one obtains [25]

N N
(Z Axi> (Z ApZ) > Nh/2. (25)
=1

i=1

2.1.3. Symplectic invariants and uncertainty
relations

In view of complicated explicit structures of inequalities
expressing multidimensional uncertainty relations, sev-
eral authors [26] 27] studied possible canonical forms of
the 2nx2n covariance matrices. If the initial momentum-
coordinate vector q = (p1,p2,...,Pn,T1,L2,...,Ty) 1S
linearly transformed as q = Sq’, then, the covariance
matrix @Q is related to the transformed matrix Q' as
Q = SQ'S, where S is the transposed matrix. Since the
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uncertainty inequalities are determined by the commuta-
tor matrix Y, it seems reasonable to use transformation
that does not change matrix ¥ = —i(f/2)Z. Such
transformations, satisfying the condition SL.S = ¥,
are called symplectic transformations. In particular,
|det S| = 1, so that det @ = det Q’. The fundamental
theorem in this area, proved by Williamson [28] (see
also [29] [30] for the discussion and simplified proofs),
tells us that any positive definite symmetrical matrix
Q@ can be transformed by means of symplectic trans-
formations to the canonical diagonal form Q(¢*™
diag (K1, K2, ..., Kn, K1, K2, - - -, Kn), With positive values
k;j. The uncertainty relation in this formulation is the
statement that

k; > h/2, forall j =1,2,...,n. (26)

(A reduction to the diagonal form with identical blocks
Q. and @, implies some scaling transformations to
arrive at blocks with the same physical dimension.)
Returning to the initial 2n x 2n matrix @ with n x n
block, one can obtain [27], [31] the following consequences

of :
Tr [(%QE)WC} > 21_2knh2k,
Tr (QpQ:r:)

Important inequalities can be obtained if one considers
the following polynomial of order 2n with respect to an
auxiliary parameter pu:

k=1,2,.... (27)
—Tr (Q2,) > nh?/4. (28)

2n
D(p) = det(Q — ux) = Y _ Dy p.
k=0

This polynomial is invariant with respect to any sym-
plectic transformation. Consequently, each coefficient
D,(cn) is invariant with respect to such transformations,
as well. Therefore, the coefficients D](Cn) were named
in [10, B2] “quantum wuniversal invariants”, because
their values are preserved in time during the evolution
governed by arbitrary quadratic Hamiltonians.

After the reduction of matrix @ to the canonical
diagonal form, one can write D(pu) = H?Zl (H? + u?).
Consequently, D(n) = D(—p), and the only nonzero
universal invariants Dﬂ can be expressed in terms of
the symplectic eigenvalues ; as follows:

D(()n) = (K1K2... K/n)2 , Dgn) = Dén) Z Ii;2,
j=1

Dfln) = 'D(()n) Z (Iijlﬁlk)72 e
i<k

n
n 2 n
DY) 4 = > (kjmr)”, Dy, = > K
i<k j=l

Obviously, minimal values of all these expressions can
be achieved for k1 = ko = -+ = Kk, = A/2, resulting in
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the following set of inequalities [27]:

() < (p2 /"0 ™

Do = W e
e
",

n
Dy, = Z (pipj - TiTj — i - Tipj) =
ij=1

The following notation is used here:

A= (A, BC=_-(BC+CBY-B-C. (31

DN | =

2.2. Inequalities for three operators

The case of three Hermitian operators 2; (j = 1,2,3)
was studied in detail for the first time by Synge [33].
One of his main results is the inequality

3X11X20X33 > Xu1 (X35 + Ya3) + Xoo (X735 + Y73)
+ X3 (XTo +Yi3), (32)

where the equality cannot be reached for any quantum
state.

Applying the known inequality for the arithmetic
mean and the geometric mean [15]

n n 1/n
Zxk >n (H xk> , x>0 (33)
k=1 k=1

with n = 3 to the right-hand side of , one can arrive
at the inequality

X1 X5, X3, > (X223 + Yz%) (X123 + Y123) (X122 + 5/122() . )
34

2.2.1. Inequalities without covariances

An obvious disadvantage of inequalities like is that
they are rather complicated for N > 2 observables,
because they contain, in addition to N variances X
and N(N — 1)/2 mean values of commutators Yjy,
numerous sums and products of various combinations
of N(N — 1)/2 covariances X;, with j # k. For
example, if N = 4, then det X contains 17 different
products of covariances (the explicit expression can be
found in Ref. [32]) in addition to 6 different products
of mean values of commutators in detY. Moreover,
inequality seems totally useless if N is an odd
number, as soon as det Y = 0 in this case.

One can get rid of all N(N — 1)/2 covariances, using
the scheme proposed in paper [23]. Suppose that we
know N Hermitian M x M anticommuting matrices Ry
satisfying the relations of the Clifford algebra

RjRy + Ry Rj = 2161, (35)

where Ip; is the M x M unit matrix. Consider the
operator f = Zszl 0z R, with arbitrary real coef-
ficients & and arbitrary Hermitian operators Zj. It acts
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in the extended Hilbert space of states |¥) = |[¢) @ |x),
where |y) is an auxiliary M-dimensional vector. Then,
the condition (¥|ff|¥) > 0 can be written as the
condition of positive semi-definiteness of the Hermitian
M x M matrix F = gly + iZj<k: R;Ryy; i, where
g = 22[:1 f,%ka and y;r = 2£;&;Y;k. The covariances
Xji with 7 # k go out due to the anti-commutation
relations .

To perform the scheme, one has to know the explicit
form of N anticommuting matrices R;, satisfying the
Clifford algebra relations (35]). The main technical prob-
lem is the dimension of such matrices: 2 x2™ for N = 2n
and N = 2n + 1 [34]. Therefore, I confine myself here
to the special case of N = 3, when matrices R; are
three Pauli’s 2 x 2 matrices o; [22]. The cases of N =4
and N = 5 (four Dirac’s 4 x 4 matrices) were studied
in papers [22] 23]. Using the properties of the Pauli
matrices and performing averaging over the state |¢),
one can write (U|fTf|¥) = (yx |Alx) with the 2 x 2
Hermitian matrix which does not contain the covariances

X, with j # k (here oq is the 2 x 2 unit matrix):

A= (Oé%Xu + Ck:jXQQ + Oz%X;gg) oo

— 20’10[20[3}63 — 2020&30&1Y31 - 20’30[10[2Y12. (36)

The condition det A > 0, which guarantees that matrix
A is positive semi-definite, yields the inequality [22]

of X11 + a3 Xos + a3 X33
1/2
(a1a3Yi3)? )

(37)

>2 (a1a2Y12)2 + (042043Y23>2 +

which must hold for arbitrary real numbers oy, s and
as. The choice a; = ag = a3 results in the inequality

X1+ Xoo + Xa3 > 2 [V + Yy + Y123]1/2 - (38)
Choosing aj = X[, one obtains the inequality
X7 xp oy xn
> 2 [V XT3 X35 + Vi X5 X5, + Y5 X7 X5 2

Wishing to find an inequality for the triple product
X11X22X33, let us choose O[% = X22X33, Oé% = X11X33
and ag = X595 X11. Then, the following inequality arises:

4
X11X22X33 > 9 (X11Y3s + X2 Y73 + X33Y5y) . (39)

Applying inequality with a3 = Ya3, as = Y37 and
a3 = Y7 to the right-hand side of , one can obtain
the inequality [23]

X11 X2 X33 > (4/3)3/2 |Y12Y13Ya3| . (40)

2.2.2. Special cases

A natural system of three operators is the set of
the angular momentum operators Lz,Ly, . A lot of
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inequalities for these operators have been found in
Refs. [10, B5H3g]. T bring here few simple examples.
The generalization of inequality reads

h?
2 2
LasLyy = L2, = T L2 (41)

Inequality can be written as
(L?) > (L)* + h (L), (42)

where the second term in the right-hand side appears due
to the non-commutativity of components of the operator
vector L. A consequence of is the inequality

K2 .
LywLyy+ LyyL.. + Ly Lyy > Z(L)Q. (43)

Moreover, if L,, > Ly, > L,,, then

yy»
B2 /a2
Leo (Lo + Lyy) 2 <L> . (44)

In the case of spin-1/2 operators, satisfying the
anticommutation relation {3, , §3} Saph?®/2, the
(co)variances s;, depend on the mean values s; and
sk only: sjr = 8;,h%/4 — s;sk, where s; = (§;). Since
555 > 0, the simplest inequality is s? < h?/4. The sum
of three such inequalities yields s? 4 s2 + s2 < 3h?/4.
However, the correct inequality, following from (41)), is
much stronger:

h2
si+s§+5§§ T (45)

Returning to the coordinate and momentum operators
in one dimension, one may introduce three operators,

R A 1
Ry=(0p)°, Ry=(02)", Rs=(3poi+0620p),

where 0p = p — (p) and 62 = & — (&). The following
inequalities were derived (together with many others) in
Ref. [10]:

Ri1Roy — R, > 4h*R3, RiRy — R3 > h?/4,

Ri1Rss — Riy > W*R3,
[(51))4 -

- 2(5176*7:)2 (Uppaxx + ih2> s

RooR33 — R35 > h*R3.

o2, | [(0)7 — 02| = 0t + 6n%2,

where (6poz)2 = 1 <[(5ﬁ55¢ + 5£6ﬁ)]2>.

2.3. Bargmann—Faris inequalities

Interesting multidimensional extensions of inequality
were found by Bargmann [39] and generalized by
Faris [40]. The starting point is the inequality for
arbitrary operators A and B

(ATA) + (B'B) >

i(ATB — BT A), (46)
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which follows from the inequality (A — 23 )
(A—iB)) > 0. Replacing A by A(ATA)~*/? and B by
B(BB)~1/2, one obtains a special case of inequality :

V2
} > i(ATB - BtA).  (47)

2 [<ATA> (B1B)

Another useful inequality follows from the Schwarz
inequality

~ A}l/Q_‘ ~ , (48)

[(/ﬁfl)(BTB) > [(ATB)

if one assumes that A = Y2 and B = Y~/2, where ¥
is a positively definite operator:

()= () (19)

To obtain a multidimensional generalization of
inequality , let us separate the angular and radial
parts of the operator p? = —A2A, introducing the angu-
lar momentum projection operators L = 2iPr — Tih;
in the n-dimensional case. Each operator L;;, commutes
with the operators %% = 22 + 22 + ...+ 22 = 72 and p?,
and the same is true for the operator L? = Zj<k L?k.
One can check the relations

A_2A2 27 A2
7 °L E L]k’l" L]k =

— (px)7

which can be written in two equivalent forms:

A

p? =i L7 + AJA) = #7202

AL oA

+ Al A,, (51)

~

where A; = 7#71(%p) and Ay = 7 (PX) 7~ 2. Then,
using inequality Wlth A = A or A = A, and
B = o(r), where ¢(r) is an arbitrary real sufficiently
smooth function without singularities (except at the
point 7 = 0), one can arrive at the inequality

0 o 71/2
n(Ge +m ) <2 e - i)

(52)

V\A/hereA the value ;1 = n — 1 corresponds to theA choiAce

A = A; and the value v, = 3—n corresponds to A = As.

Assuming ¢(r) = 717 one obtains the inequality [40]

Lo 11/2

B+t m) (1) <2 (12020 (p% - 77203 | L (53)

Taking a = 0 and choosing v = v, one arrives at the
special case of inequality :

1/2

[(r*)(p*)]

If « = =2, then, 1 + o + v, = £(n — 2), and the
consequences of are the inequalities

> nh/2. (54)

) > (07— 2 = 22 (5)
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If a = -1, Eq. leads to the inequalities (for n > 2)

B = (67128 = G- 6] L 60

The following inequality was proven for arbitrary real
functions of several variables in study [41]:

(P*)(* (%)) = (h?/4) (Vep(x))*. (57)

A generalization of relation (b7) was
study [42]:

(B*) (¢ (x) = [XVeo(x) + (n = 1)p(x)])”.

Besides, the following inequality holds for quantum
states with a given value of the angular momentum [ [42]:

(B*)(¢*(r)) =

Its special case is the inequality [39]

proven in

(h*/4) (r~!

(h%/4) (0 /0r + (n — 1 + 2l)<p(r)/r>2 )

) (r242%)

(p > (R2/4) [(n 4 a + 20)(r*)]%. (58)

The case of a = 0 was also considered in Ref. [43]:

(p?)(r*) =

Taking o = —2, one obtains the following analog of :

(h?/4)(n + 21)2. (59)

) 712 _ 2/.—2
() 2 “(n -2+ 20272, (60)

The following inequalities were derived in [44] for the
states with fixed angular momentum quantum numbers
in two and three dimensions:

in 2D
in3D°

R(lm|+1)

h(l +3/2) (61)

ArAp > {

Note that all relations of this section remain valid if one
makes the replacement of vectors r <> p.
2.3.1. Applications to the hydrogen atom

The ground state energy of the n-dimensional “hydrogen
atom” can be found with the aid of inequality :

1

K2 _
E > %/\252—625, E=0h, A\ = 5(”—1)- (62)

Minimizing the right-hand side of with respect to
parameter £, one obtains the eract minimal energy
Emin = _me4/(2h2/\31)' (63)

The relations — turn into equalities for states
satisfying the condition

(,21 - iB) W) = 0. (64)

In the case of inequality , we have A = A4, =
—ihd/0r and B = 8 = const. Therefore, the solution to
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Eq. is the function 1 (r) = C exp(—pr/k). Choosing
the parameter 3 in order to satisfy the condition (r—1) =
Emin = me?/(h*A2) [corresponding to the minimum of
the right-hand side of ], one obtains not only the
energy of the hydrogen atom ground state, but also its
wave function [39] 40].

For excited states with (L2) = R2(l + 1), it is
possible to obtain exact values of energies, using the
inequality with @« = —1. Then, parameter A, in
Eq. should be replaced by A, + [, resulting in the
exact lowest energy for the given value of the angular
momentum E,; = —Ry/(\, + )%, Remember that n is
the space dimension here.

It was shown in [39] that the equality in with
«a = —1 is attained for functions of the form

h2
me2

hi(x) = r'Yi(x/r)exp (=r/r), m=An+1)——
(where Y;(x/7) is a spherical harmonic), i.e., the hydro-

gen eigenfunctions describing Bohr’s orbits.

2.4. Inequalities for higher moments

A special case of the standard uncertainty relation is
the inequality

(@) (k%) > = =Py, k=p/h (65)

=

Introducing the notation II(™ = (|2|")(|k|™), it seems
natural to look for the minimal value of this product,
Pr = min {H(”)} for an arbitrary fixed exponent n.
A trivial estimation can be made with the aid of ({ .
and the inequality (A2) > (A)%: P, > 472. However,
this estimation is very weak. Indeed, the left hand side
of the relation is minimal for the Gaussian states.
But the fourth-order moments in these states are given
by the formula (#*) = 3(22)2. Hence, the product of
the fourth-order moments in the Gaussian states equals
(k*)(#%) = 9/16. This value is nine times higher than
the trivial lower bound.

Several authors looked for the minimal value of the
product ITI¥) using various numeric schemes. The best
known minimal value Hgﬁgn = 0.4878 was found in
paper [45] for some finite superposition of the Fock states
of the form Zf:o ¢nldn) with K = 6. Practically the

same minimal value Hiﬁgn ~ 0.49 was found in paper
[46] for the superposition of four coherent states with
equal amplitudes and phases shifted by /2,

|¢>4a

(\a>+|ia>+|—a>+|—ia>)

sz

with @ = 0.67. No good analytical bounds for the
products P,, with n > 2 have been found until now.
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3. Entropic Uncertainty Relations

The mathematical significance of inequality is that
the distribution functions of coordinates [t/(z)?> and
momenta |p(p)|? cannot be simultaneously localized in
arbitrary small domains, if ¢)(x) and ¢(p) are related by
means of the Fourier transform,

o(p) = (27Th)_1/2/z/}(x) exp(—ipz/h) dx. (66)
It appears that this statement can be also expressed

mathematically with the aid of other inequalities, which
contain, instead of variances, the quantities (k = p/h)

S, = / () P (|8 ()| 2) i, (67)

Sk

- / oK) 1n( | (k) ?) ds (68)

They can be called “the coordinate distribution entropy”
and “the momentum distribution entropy”, respectively.
One should remember that neither “entropies” S, and
Sk have anything in common (except the name) with
the true quantum mechanical entropy, defined according
to formula S = —Tr(p1n p). Moreover, the true entropy
exactly equals zero for pure quantum states considered
in the present section, while the integrals and
are different from zero, as a rule.

Suppose the function [¢(z)|? to be localized in some
small domain. Then, the values of |1(z)|? inside this
domain are large, so that In(j1)(x)[?) > 0. As a result,
Sy < 0, since the contribution to the integral of the
points outside the localization domain are suppressed
by small values of |¢(x)|? in those points. If the function
lo(k)|? were also highly localized, then the relation
Sk < 0 would be fulfilled, too, resulting in the inequality
S, + S < 0. However, this is impossible, due to the
inequality proven for the first time by Hirschman [47]
and Bourret [48]:

Sz + Sk > In(27). (69)

Note that definitions and contain some ambi-
guities, because functions ¢ (x) and (k) are not dimen-
sionless. To give sense to the term In |¢|?, one has to
introduce some length scale xy and imply the dimension-
less variable x/zy whenever the coordinate x appears.
The value of S, in such a case depends on the choice
of the parameter zy. However, since the corresponding
scale in the wave number space equals ky = x; 1 the
actual value of x( in inequality cancels out, so that
no ambiguity arises for the sum of two entropies.

The advantage of relation becomes quite clear,
if one considers an example of a “two-hump” function
[t)(x)|?, represented by two narrow peaks, whose centers
are separated by a large distance, e.g.,

¥(x) = N {exp [~(z — a)?/0°] +exp [~ (2 +a)?/b°] }
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with |b| < |a|. Although both peaks can be very narrow
if || — 0, the variance o, can be made as large as
desired, simply by increasing the distance 2|a| between
the peaks. The obvious disadvantage of inequality is
that it does not forbid a possibility of the existence of a
narrow hump of the function |¢(k)|?, when the small
variance of o, would be compensated for by a large
value of the variance o,. In fact, this is impossible, and
inequality shows it quite distinctly: “the coordinate
entropy” S, is practically unchanged when the humps
are moved apart, i.e., it remains negative. Therefore,
the value of Sy obviously must be positive, so that the
function |p(k)|? cannot assume large values anywhere.

For any uncorrelated Gaussian state (satisfying the
additional restriction o, = 0), the following relations
hold:

1 1
Sy = B In(2meoy), Sk = 3 In(2meoy).

Since 0,0 = 1/4 for such states, S, + S = In(we).
Therefore, as long ago as in Hirschman’s paper [47], a
conjecture was made that, in fact, the right-hand side
of should be replaced by the quantity In(we). It was
proved at the “physical level of rigor” by Leipnik [49],
while strict mathematical proofs were given only fifteen
years later in studies [50, 5], using rather heavy calcu-
lations:

S + Sk > nln(we). (70)

Here, n is the dimension of the coordinate space.

It is essential that inequality is stronger than the
Heisenberg inequality , in the sense that relation (2 is
a consequence of . Indeed, looking for the extremum
of the functional S, ({t'}) with a given norm |[|¢||2 and

a given variance o, = ( (X — <>“<>)2>, one can easily find
that the “entropy” S, is maximal for the Gaussian states
of the form

()2 = (2o, /n) ™2 exp |—n (x = (%))* /202
so that

Sy < —In(2wec,/n), Sk < gln(27reak/n).

n
2

Combining these inequalities with , one obtains

2% > Lexp (Zsk) > (re) exp (— 25) >

= 20,
(71)
Inequality follows from for n = 1. The con-
sequence of for n > 2 is the special case of
inequality with Tr(Qup) = 0, since o, = 22 4+ -+ +
w3 = Tr(Qy).
The following “entropic” inequality, relating the angu-
lar momentum component L, and the polar angle ¢ in
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the plane xy, was given in study [51]:

o0

= > lewPIn(lenl?)

:_0027r
[ Ererninen 2o @

Here, ¢, are complex Fourier coefficients of the wave
function F(p) in the polar coordinates: F(p) =
S o Cme™?. The equality in is achieved for the
angular momentum eigenfunctions F,, () = exp(imy).

Another type of “entropic” inequalities was suggested
by Deutsch [62], who considered two noncommuting
Hermitian operators, Aand B , possessing discrete spec-
tra and complete orthonormalized sets of eigenvectors
{la)} and {[b)}. The entropies S* and SE for an

arbitrary state |¢) were defined as follows:

S == lal)l* (|(ale)[?),
SP = =3 1l P In(|(bl$) ).
b

It was proved that these quantities satisfy the inequality

2
i +sup{|<a|b>|}) (1)

where the supremum is taken with respect to all possible
values of the scalar product of vectors |a) and |b). The
main advantage of inequality (73|) over is that the
right-hand side of , unlike, does not depend on
the state [¢), but is determined (although implicitly)
only by the operators A and B.

If one assumes the quantities

Sa(j)) + Sp(|v) > 21n<

Agz =exp(S;), Agp =exp(Sp) (74)

as the measures of localization of a particle in the x — p
spaces [49], inequality can be rewritten in a form

similar to :
AgxAgp > (meh)". (75)

One of several examples of inequality considered
in [49], is related to the function

() = {(2A) (iXp(zkox% Ii—ﬂ ii (76)
with the sum S; + S,y = In(27) + 2(1 — v), where
v =~ 0.577 is Euler’s constant. This example shows a
greater effectiveness of inequality in comparison
with inequality , which simply has no sense in this
case, because the average value (p?) does not exist for
the function ¢, (x). It is worth noting in this connection
that the first example illustrating the relation dzdp = h
or dtéw 2 1 in the majority of textbooks is just the
slit diffraction of the de Broglie waves in the case of
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quantum mechanics or light waves in optics and the
Fourier decomposition of a rectangular pulse in the case
of radio engineering, when the corresponding functions
have the form of . Reviews of more recent results
obtained in the theory of entropic uncertainty relations
can be found, e.g., in Refs. [53H50].

4. Uncertainty Relations for Mixed
States

Frequently (e.g., in many text books), the uncertainty
relations are considered for pure quantum states only.
The validity of and for mized quantum states,
described by means of the statistical operator (den-
sity matrix) p was established for the first time by
Mandelstam and Tamm [57]. All inequalities expressing
uncertainty relations in terms of variances are valid
both for pure and mixed quantum states. However, the
equality in relation in general holds only for pure
states [9]. For example, in the case of an equilibrium
state of a harmonic oscillator with frequency w at
temperature 7', the uncertainty product equals (kg is
the Boltzmann constant)

h ho \1?
OppOaxx = |:2 coth (M)] . (77)

In the high-temperature case, kg1 > hw, the right-
hand side of is so large, that inequality , in spite
of being absolutely correct, becomes practically useless.
Therefore, the following problem arises naturally: to find
generalizations of inequality which would contain
some extra dependence on parameters characterizing the
“degree of purity” of a quantum state, in such a way
that generalized relations could turn into an equality
(perhaps, approximate) even for highly mixed states.
The simplest parameter characterizing the “purity”
of a quantum state is u = Trp?. Remember that
p?> = p for pure states, so that 4 = 1 due to the
normalization condition Trp = 1, whereas p? # p and
0 < p < 1 for mixed states. It is known that for
any quantum state described by means of a Gaussian
density matrix (or some quasiprobability distribution),
the following equality holds for systems with one degree
of freedom [10]:
(78)

2 h
OppOzx — O-Ip = E

Consequently, one can look for a generalized “purity
bounded uncertainty relation” in the form

h
\/ OppTzz — 0 = 5(1)(:“)7 (79)

where ®(u) is a monotonous function of u, satisfying
the relations ®(1) = 1 < ®(u) < p~! for 0 < pu < 1.
Actually, it is sufficient to find function ®(u), considering
a subfamily of states with zero covariance, taking into
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account that the quantity D = 0,04, — U%p is invariant
with respect to arbitrary linear canonical transforma-
tions of operators £ and p [32].

The first explicit expression for the function ®(u) in
the form ®p(u) = 8/(9u) was found by Bastiaans [58]
in the context of the problem of partially coherent light
beams, where parameter p had the meaning of the degree
of space coherence. However, function ®g(u) does not
satisfy the condition ®(1) = 1, i.e., using this function
one arrives at the inequality which is weaker than
for pure quantum states. Besides, the lower limit of the
uncertainty product 4%/(9u) cannot be achieved for any
quantum state. Actually, ®g(u) is an asymptotical form
of the exact expression found in Ref. [10]. It was shown
that minimizing statistical operators are given by finite
diagonal expansions over the first Fock states:

2(M +~v—m)
(M +1)(M +27)’

M
Pmin = Z pm\m><m|, Pm =

m=0

M(M+2) Y?
y={ 2 LA 0<y <,
! {3[M(M+1)—1]} =7=
> ph =

anL =1,

Prr(p) =14+M

arenonen )

The integer M must satisfy two constraints:

4—3u+ /16 + 952
plo1<M< ”+6 I 8
1

Ife =1—p < 1, the only possible value of M is M = 1.
In this case, function ®(u) takes the form

Pi(p)=2—2u—1=1+e+e*/24+.... (82

which is obviously less than p=! =1+¢e+&2 +....
Function is well defined for pu > 1/2. However,
®; (1) gives the minimal possible value of the product
VOppOaz only in the interval 1 > p > 5/9. At point s =
5/9 the value M = 2 becomes admissible in accordance
with (81)), and the new expression for () emerges:

Po(p) =3 = /8 —1/3). (83)

Both functions, and , coincide at the point us:

®,(5/9) = ©(5/9) = 5/3.

Moreover, the first derivatives of ®1(u) and ®o(u)
coincide at g = pg. But we have ®1(p) > ®o(u) for
< 5/9. It is easy to verify that for the given value of
purity u, the minimal value of function is achieved
for the maximal admissible value of integer M, because
the derivative of function with respect to M equals
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—o00 at M = pu~! — 1, which means that this function

decreases with increase of M.

Thus we arrive at the set of functions ®(u), repre-
senting the minimizing function ®(u) in the intervals
We > W > pr+1, where the boundary points py are
determined from the condition that becomes an
equality for M = k:

In particular,
7 3
K3 = TR Ha = 10
®3() =4 — /20(u — 1/4),
Oy(p) =5 — /40(u — 1/5),

142k 44 /16 +9u2
D) = o = IV T sy
3 O

The first derivatives of functions ®j(u) and Pgyq1(p)
coincide at the boundary points py4+1. But their deriva-
tives of higher orders are different at these points.
Since explicit analytical forms of function ®(u) are
different for different segments of the interval 0 < pu < 1,
it can be convenient to use a simple interpolation
expression, replacing an integer M in by its maximal
admissible value (even if this value is not integral):

(i)(ﬂ)_4+\/16+9u2' (36)

0

The functions ®(p) and ®(p) coincide at points fz,. One
has ®(p) > ®(u) immediately to the right from these
points, whereas ®(u) < ®(u) immediately to the left of
these points. However, the difference between the exact
and approximate values does not exceed 0.02 even for
the values of u close to unity. Moreover, for y — 0
this difference becomes less than pu?/64. For u < 1, the

following asymptotical formula holds:

é(ﬂ)zi(uéuh...), (87)

and |®(pu) —8/(9u)| < 0,01 for p < 0,25 ~ ps.

5. “Local” Uncertainty Relations

The inequalities considered in the preceding sections
characterize the behavior of the distributions |¢(x)|? and
lo(p)|? as a whole. Several authors studied the relations
between local properties of the function v (z) and its
Fourier transform ¢(p). To understand the significance
of the so-called “local” uncertainty relations, let us
suppose that, for example, the function ¢(p) possesses
a sharp maximum, so that the value of Ap is small.
Using relation , one can conclude that the value
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of Az must be large. However, the large value of Az
would not contradict the assumption that the function
¥ (x) has two sharp “humps” located at a great distance
from each other. The essence of the “local uncertainty
relations” consists in the statement that in reality not
only the value of Ax is great when Ap is small, but the
probability density |¢(z)|? is always small (so that two
sharp “humps” cannot exist). The exact formulation is
as follows [40].

Let a be an arbitrary real parameter and b any positive
number. Then, the probability of finding the particle
in the domain |z — a|] < b in the one-dimensional case
satisfies the inequality

Prob{|z — a| < b} < 2bAp/h, Ap = /o,. (88)
To prove , let us consider the inequality with
n =1, v = vy = 0, and the function ¢(z) =
(2/m)arctan [(z — b)/e]. Since |p(z)] < 1, formula
leads to the inequality

€

B{0s(x — b)) < A/ (p?), 0:(t) = TEre) (89)

Note that the function 0. (t) is nothing but an approxi-
mation of the delta-function for € — 0. Performing the

limit transition ¢ — 0 in and replacing p by p — (p),
one can obtain the inequality (it was also derived in [41])

[W(y)|* < Ap/h,

which is equivalent to . Thus, the variance of the
momentum restricts the maximum value of the wave
function in the coordinate representation (and vice
versa). Another interpretation of is also possible:

Ap > hmax {|(y)*}, (91)

—00 < Y < 00, (90)

i.e., the maximum value of the (normalized) coordinate
wave function gives a lower boundary for the variance
of the momentum. Moreover, the following generaliza-
tion of relation is the consequence of for the
normalized wave functions:

ApAz > h?max {|1/)(x)|2} max{|np(p)|2} . (92)

A generalization of inequality was obtained
in [59]. In that paper, inequality was applied to the
operators A = p and B = F(z) = 0(z — ), where 6(z)
is the Heaviside function. Then, (F') = (§(z — x¢)) =
|(x0)|?, whereas

(F%) = (F) = /OO [v(z)|?dz = 1 — P(z0),

Zo

where P(xg) is the probability for localizing the particle
in the interval (—oo, zg). The result is the inequality

W) < 222 /P@i - Pal< 2 (93)

DOI: https://doi.org/10.1590/1806-9126-RBEF-2025-0252



Dodonov

(since P(1 — P) < 1/4). This relation turns into an
equality for the function 9 (x) = a='/? exp(—|z|/a) at
the point z = 0. Taking into account that |¢(z)|? =
dP/dxz and integrating both sides of inequality , one
obtains the relation (assuming that = > xg)

arcsiny/P(x) — arcsiny/P(zg) < Ap(z — xo)/h, (94)

which can be written as
P(z) < sin® [arcsin\/P(:ro) + Ap(x — xo)/h} . (95)

provided arcsiny/P(xg) + Ap(z — o) /h < 7/2.
The following “quadratic local uncertainty relation”
was found in the multidimensional case (n > 3) in [40]:

4 bAp\ 2
Prob{|x —a| <b} < T (h) ; (96)

(Ap)* = (b - ().

To prove , let us introduce the characteristic function
of the set |x| < b:

(x) = L, x| <o,
=00, x> b,

[ ol ax = Prob {1x] <5}

It is obvious that x(x)b~2 < r~2. Averaging this relation
over the distribution |¢(x)|? and taking into account
inequality , one obtains inequality after the
substitutions x — x —a and p — p — (p). It can
be strengthened for 3 < n < 5, if one considers
inequality with v = v < 0 and the negative
function (r) = —(mh/2b) cot(mr/2b)x(r). Then,

() so(f -o-s)
< 2V/(p?)(p?) < (¢°) + (%),

ie., (p2) > (hDp/Or—p?) = (wh/2b)?(x(x)), from which
it follows that

IN
A

Prob {|x — a| < b} < (2bAp/7h)?. (97)

Note that for proving local inequalities (B8],
or the actual meaning of the averaging procedure

denoted by the symbol (...} is quite insignificant. Con-
sequently, these relations are valid for mixed quantum
states described in terms of a density matrix as well
as for pure states. In particular, relation can be
generalized as follows:
plx,x) < Ap/h, —o0 < x < 0. (98)

It is worth noting that no “quadratic” inequality like (97
exists in the two-dimensional case: this was shown in
study [40].
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6. “Total Width” and “Mean Peak
Width”

Several characteristics of “uncertainties” different from
variances and entropies have been introduced by
Hilgevoord and Uffink in 1980s. Two main notions are
the “total width” (TW) of the wave function and its
“mean peak width” (MPW). The total width of function
¥(x) was defined as the smallest value @ for which
the probability of finding the particle in the interval
(xo — Q/2, 20 + Q/2) equals a given number o < 1:

zo+X/2
Qa(afow):min{Xi / . |¢<x>|2dx=a}.

The mean peak width gg(1)) was defined as the smallest
positive number for which the absolute value of the
coordinate correlation function equals a given number 3:

qs =min{q: [Ry(q)| = B}, (99)

Rola) = [ 4" @)l - 9y = [ Jp@®e*rdk. (100

The notions of TW and MPW are useful when variances
do not exist. For example, if

bl = 2 22002,

then, @ ~ 1/a, while 0, = oo. Besides, they are
useful in the case of “two-hump” functions, when the
total width characterizes the distance between “humps”
while the MPW characterizes the average width of
“humps”. Various relations between the quantities Q,,
gp and variances were obtained in studies [60), [61]. The
local uncertainty relation leads immediately to the
inequalities (for arbitrary values zy and pg) [60]

Qalwolt) > ha/Ap,  Qalpoly) > ha/Ax.
Due to the Chebyshev inequality (see, for example, [62])

Prob {|z — (2)| > b} < 0,/b?, (102)

(101)

the quantity Q. (¢) (with zy = (x)) is bounded from
above by the variance of the coordinate [60, 63, [64], and
the quantity Q.(¢) is bounded by the variance of the
momentum:
2Ax 2Ap
« < b «@ S .
The mean peak width is also bounded from below by the
quantity (Ap)~! [65]:

(103)

h
95(v) > 1, V20 = B). (104)
Another estimate was given in study [60]:
2h
—(1-p%. 105
a¥) > 11— ) (105)

The estimate (104)) is stronger than (105)) for 8 > 0.855.
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An upper limit for the mean peak width was found in
study [59] on the basis of the inequality (—oco < k < 00)
Ry (k)? = ()] < op)]

which is a consequence of inequalities

op [(cos?(kz)) —

[1+ K%K/ (4 (106)

(cos(kx)}Q] > 1k2h2 (sin(kx))?,

k%h?(cos(kx))?,

] =

op [(sin®(kz)) —

following, in turn, from the general inequality under
the choice A = p and B = cos(kz) or sin(kz).
Taking into account the definition , one can see that
consequencies of are the inequalities

2A
ﬁx /1— 32, /1— 32,
(107)
A consequence of (107 and a weakened version of (104)),

qs(v) > (h/Ap)v/1 = B2,

is the inequality AxzAp > Bh/2. Since it must hold for
any value 8 < 1, we arrive again at inequality .

The uncertainty relation in terms of TW and MPW
has the form [61]

Qa(zol¥)gs(p)

provided 8 < 2a — 1. Examples of functions giving the

equality in (109)) were found in paper [61].
An inequality which is to some extent the opposite
of (109), was derived in study [64] for 5% > a:

(sin(kz))?] >

qs(¥) < as()

(108)

> 2arccos [(14+ 8 —«a)/a],  (109)

2(1— a)

p?—a
The usual uncertainty relations or inequality assert
that if one of two functions, ¥ or ¢, is narrow, then
the other one ought to be wide. The significance of
inequality consists in the assertion that if one of
the two functions is wide, then the other ought to be
narrow.

Inequalities 0 < 8 < 2o — 1 and 1 > B2 > a > 0 are
incompatible for arbitrary values of o and 8 (excluding
the case of &« = 8 = 1). Thus, for any pair of numbers
a and B, the product Q.(¥)gs(p) can be bounded
either from above [according to inequality ] or from
below [as in relation (I10)], but not from two sides
simultaneously.

The concepts of TW or MPW were used, for example,
in studies [61), [65, [66] for the interpretation of the
results of experiments on testing uncertainty relations
with the aid of a neutron interferometer, since in
such experiments one measures only the coordinate
correlation function Ry (q); in addition, the total width
and the mean peak width can be determined from the
experimental curve of the momentum distribution more
reliably than the variance.

ming, {Qa(ol¥)} ¢s(¢) < (110)
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7. Phase and Angle

A similarity between the formula L, = —ihd/d¢ for the
component of the angular momentum operator and the
formula p = —ihd/0x for the linear momentum operator
suggests an idea of the existence of the inequality
AL,Ap > h/2. However, this relation is incorrect
(although it can be met in some simplified textbooks).
The well known counterexamples are the eigenstates of
L. with ¢(p) ~ exp(img) and AL, = 0. The origin
of difficulties is the non-Hermiticity of the operator ¢
understood as the simple multiplication operator: if 1)()
is a periodic function, then ¢y (p) is obviously non-
periodic. The problem of correct description of phase
or angle in quantum mechanics was discussed in many
publications: see a few examples [67H75]. One of possible
solutions is to use the triple of operators [67]

PN

L=1L,=—ihd/dp, C=cosp, S=singp, (111)

satisfying the commutation relations
L.8] =—inc, [L.¢] =ins, |¢.5] =

Inequalities containing operators C and S on an equal
footing were given, e.g., in Refs. [67], [68]. For example,

— (=5 =5 1,2 =2
7 (CP+5) = — [(©)°+(5)’] - (112)
Since C2+ S52=1— (6)2 — (?)2, one can write
2 2 2
C S) < ——. 113
O
Inequality yields
roonss [+ (3. o

However, it can be interesting nonetheless to obtain
an inequality just for the product ApAL,. This can be
done if one writes the inequality

wo+2m
[ late-
o

with Im(a) = 0, integrating by parts the left-hand

()Y + 7o /D —i(L.)p|* dp > 0

side and remembering that the terms | (¢)[? zer%
do not vamsh (contrary to the xp-case, where
z|p(x)]? | Using the condition of non-

negatlveness of the second-degree polynomial with
respect to the parameter «, one obtains the correct
inequality

2
(72/4) (1 = 27w (w0) )" (115)
where (g is the left boundary of the interval (¢g, wo+27)
chosen as the domain of the unambiguous definition

O—LPO-L
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of the angle variable [so that P(vo) = Y(po + 2m)].
The right-hand side of (115 equals zero for the angular
momentum elgenfunctlons U (p) = (27) Y2 exp(ime).
In the general case, the inequality ApAL > h/2 is
possible only for functions ¥ (y) satisfying the restriction
¥(po) = 0. Inequality (115) could also be derived from
the general inequality With the aid of the correct
commutation relation for the phase operator [67]

[0.2] = zh{l—?ﬂ 3 by

n=—oo

—2n+1x )}. (116)

For other measures of the phase (angle) uncertainty and
related inequalities one can consult, e.g., Refs. [T6H79).

8. Time-Energy Uncertainty Relations

The energy—time uncertainty relation (ETUR)

AEAT > h (117)

is one of the most famous and at the same time most
controversial formulas of quantum theory. It was intro-
duced by Heisenberg [I] together with his coordinate-
momentum uncertainty relation

AxAp Z h. (118)

The importance of both relations for the interpretation
of quantum mechanics was emphabized by Bohr [4].
However, the further destiny of relations (117 and -
turned out quite different. A strict formulatlon of rela-
tion was found almost immediately by Kennard [2]
in the form of inequality , where Az and Ap are well-
defined quantities, namely mean-square deviations.

On the contrary, the physical and mathematical
meanings of inequality appeared to be much less
clear than that of (and less clear than Heisenberg,
Bohr and other creators of quantum mechanics thought
initially). The main reason is that, in fact, there are
several quite different physical problems where relations
like can arise, and in each concrete case the
meaning of the quantities standing on the left-hand
side proves to be different. This was demonstrated for
the first time by Mandelstam and Tamm [57] and by
Fock and Krylov [80], and many authors arrived at the
same conclusions later [SIHZ4].

8.1. Mandelstam—Tamm inequalities and their
application to the problem of decay

The first rigorous formulations of relation was
given by Mandelstam and Tamm [57]. Choosing B = H
(where H is the system Hamiltonian) and remembering
that operator (i/h)[H, A] is the operator of the rate of
change of the quantity A, i.e., (i/R)[H, A] = dA/dt (pro-
vided operator A does not depend on time explicitly),
they transformed inequality to the form

AEAt, > 1/2, (119)
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where AE = AH and

Aty = AA/|(dA/dt)). (120)
The meaning of inequality is that it yields an
estimate of the time interval required for a significant
change in the average value of observable A: by an
amount of the order of the mean squared variation.
It results in the statement that “a dynamical quantity
cannot change, remaining always dispersionless” [57].

Relation may seem artificial at first glance,
since operator A may be quite arbitrary. However, there
exists at least one important specific choice of this
operator. Let us consider, following [57], the projector
L = [4(0))(¥(0)] on some initial quantum state |1(0)).
Since L is the projection operator, L =17%and

AL=\T - @2 =\I- (T

Then, inequality (119) assumes the form

< AE\/L— (L
2 dt ()

hdl _h ‘ 121)

Integrating (121) with account of the initial condition
L(0) = 1, Mandelstam and Tamm obtained relations

AEt/h > /2 —arcsin/Q(t), 0<t<oo, (122)

Q(t) > cos?(AEt/h), 0<t<7h/2AE,  (123)
where

Q(t) = L(t) = (@) LI () = [ O0)[ ). (124)

One may interpret function Q(¢) as the probability to
remain in the initial state [1(0)). In this case, it seems
natural to define the half-decay period T/ by means of
the relation @ (Tl/g) = 1/2. Then, Eq.

the inequality

results in

Ty /oAE > wh/4 ~ 0.785h (125)
with well defined quantities T/, and AE.
An immediate important consequence of inequal-
ity (123)) is the impossibility of strictly exponential decay
Q(t) = exp(—t/7) (126)
for realistic physical systems with a finite energy disper-
sion AFE [57, [80, [85, [86]. Indeed, it follows from (123))
that the law (126) can be realized only approximately
and for sufficiently big values of time satisfying the
inequality

t>7ln[1+7*/(21AE)?]. (127)
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Only a parabolic time dependence of Q(t) is permitted
for short times, due to the Taylor expansion at t — 0:

Q) = ’<¢0|6XP (—2“) o)
U 22|
T h 2h2
2
~ - (1) - () +

Generalizations of relations and to the case
of time-dependent Hamiltonians were obtained in [87].
Since inequality becomes meaningless in the case
of AE = 0o, Mandelstam and Tamm wrote in [57] that
“it would be desirable to find a more general relation of
the same type as ”. Several concrete generalizations
are demonstrated in the subsequent subsections.

8.2. Decay laws and spectral distributions

The relations between the decay law Q(t) and the energy
spectrum of the system were established by Krylov and
Fock [80]. Suppose that we know the decomposition of
vector [1(0)) over the energy eigenstates:

[4(0)) = /a(E)|E> dE, (E'|E)=0(E - E'). (128)
Then,

() = /a(E) exp (—iEt/h) |E) dE, (129)
and the nondecay amplitude x(t) = (1(0)|¢(¢)) (called
‘integrity amplitude’ in [85]) can be expressed as the
Fourier transform of the positive energy distribution
function P(E) = |a(E)|?:

x(t) = ((0)[4(t)) = /P(E) exp (—iEt/h) dE. (130)

Its consequence is the identity [ P(E)dE = 1. The
probability of finding the system in the initial state at
time instant ¢ equals Q(t) = |x(t)|?. The energy variance
can be calculated as

(AE)? = / (E - E)* P(E)dE (131)

with £ = [ EP(E)dE. Fock and Krylov [80] proved that
the necessary and sufficient condition of decay (when
Q(t) — 0 for t — o0) is the continuity of the integral
energy distribution function P(E) = [ F P(e)de. This
means, in particular, that the energy spectrum must
be continuous, in order that function P(E) would not
contain terms like §(F — Ey) corresponding to discrete
energy levels.
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It is known that the exponential decay law ((126))
corresponds to the Lorentzian energy distribution
r/2n
(E— Eop)* +12/4

P(E)= (132)
The peak width I, defined as the length of the energy
interval where P(E) > P(0)/2, is related to the lifetime
T by the equality

T =h (133)

However, distribution is an idealization (although
very good one in many practical cases), because it
results in the relation AEF = oo. Another drawback
of distribution is that it implies that the energy
spectrum stretches from —oo to oo (only under this
assumption integral yields the exponential func-
tion of time). But the energy of real physical systems is
limited from below, and this fact leads to violations of
the exponential decay law for t — oo, when Q(t) ~ t=#
with some constant [ depending on the concrete form
of the energy spectrum [88] (see [86], [89HI3] for later
discussions and reviews). Moreover, an oscillatory decay
is also possible [94].

A simple example of the ‘decay’ that never has the
exponential form was given by Bhattacharyya [95]: a
freely expanding Gaussian wave packet in one dimension
has the energy distribution function

—1/2
P(E) = (V2rEAE)  exp (~E/V2AE)  (134)
and the nondecay probability

Qt) = (14 2(AE)22/12) "2, (135)
In this case, T ;AE = hy/3/2.
One of consequences of formula (130 was obtained by
Luo [96]:
1
Q) < 5 [1+VQE1) - (136)
Inequality (136]) forbids many decay laws that one could
imagine. For example, it clearly forbids the instanta-
neous decay, such that Q(t) =1 for ¢t <t, and Q(t) =0

for t > t,. For the recent analysis of the Mandelstam—
Tamm UR one can consult [97].

8.3. Different decay times of unstable systems

Besides the half-decay time T} /5, many other definitions
of the decay time are possible. Fleming [85] suggested to
use the quantity

- /O T o) dt (137)

where the non-decay probability Q(t) was defined by
equation ([124)). Definition (137)) gives the lifetime 79 = 7
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for the exponential function (126)). Taking into account
inequality (123) and writing z = wh/(2AFE), one can
obtain the following lower bound for 7y [85]:

mh

> t)dt > s (ABt/h) dt = ——. (138
> [CQuz [ ot (ABym @ = e (139)
The most strong inequality with an achievable lower

bound was derived in paper [98]:

37
T0AE > ——=h =~ 0.843h. 139
0AE 2 (139)
The equality sign in (139) is achieved for the distribution
V45 E?
P.(E) = 1- 140
(E) = 30aE < 5(AE)2> (140)
(and P.(E) = 0 for |E| > +/5AE), where the

energy uncertainty AFE can be arbitrary positive number
(provided the energy scale is shifted in such a way that
(E) = 0). The corresponding ‘nondecay probability’ can
be calculated with the aid of formulas and .
It has the form

Q.(t) =9 (sinz — zcos z)? /25, (141)
where 2(t) = v/5tAE/h = 3mt/(579).

Two other examples of energy distributions possessing
products TpAFE close to the minimal possible value
were given in Ref. [98]. The first of them is the Gaussian
distribution

Qt) = exp [—w (t/zTO)Q] = exp [— (tAE/h)Z] . (142)
P(E) = (AJNE)_1 exp {; (E/AE)“} . (143)
T0AE = hy/7/2 ~ 0.886h. (144)

One can check that the nondecay probability ((142))
satisfies the Luo inequality (136). The second example
is the stepwise energy distribution:

_ [V3/(6AE), |E|<V3AE
P(E)—{ 0. E| > V3AE (145)
B sin(\/gtAE/ﬁ) 2
v = [ﬁmm - o
mh
TAE = v 0.907h. (147)

Mathematical aspects of the time decay problem (time
asymmetry) were discussed in Refs. [99HI0T].

8.4. Modifying definitions of the decay times and
energy spread

The energy distributions in realistic decaying systems
are close to the Lorentz distribution (132)). In these cases

DOI: https://doi.org/10.1590/1806-9126-RBEF-2025-0252

€20250252-15

the decay time is determined not by the energy disper-
sion , but by the energy level width I'. Changing
the form of the distribution function P(FE) at its ‘tail’
(for |E — Ep| > TI'), one can change the variance AF
significant1ly, but the decay time will remain practically
unchanged. This fact was emphasized long ago by Fock
and Krylov [80]. Therefore, to fill inequality with a
physical content in the decay problems, one needs a more
reasonable definition of energy “uncertainty” AFE (as was
questioned by Mandelstam and Tamm), linking it not to
the energy variance , but to some other quantity,
in such a way that it would be close to the energy level
width for distributions similar to the Lorentz one.
Several possible definitions of this kind were proposed
in Ref. [I0], using results of study [83], where the
“equivalent width” W () of function ¢ (z) was defined as

wie = [ " o(@)d/(0)

— 00

(148)

(provided the integral exists and ¢(0) # 0). If functions
f(z) and f(y) are related by the Fourier transformation,

f) = [ evi@arn s = [ a3,

— 00 — 00

W ()W (f) = 2. (149)

The consequence of Eq. (130) with A = 1 is the relation

/ i P(B)? dE = / T ()X () db

oo 27 J_ o

Defining f(E) = [P(E + Ep)]?, where Ej is an arbitrary

real number, one has

) = expitot) [ T 0 (1) di'(2m).

— 00

win- [ " P(E)? dB/P(E)P.
J [ dtdt' exp(iEot)x (' +t) x* (¢')

W= (DGR

Obviously
o [ fatarx () (0] [farlx ()]
W = o par [ Pdr

In addition, the identity |[W ()W (f)| = 27 holds for any
value of E; as a consequence of (149). Remembering that
x(—t) = x*(t) for real energy distribution function P(FE)
and Q(t) = |x(t)|?, one can arrive at the inequality

[iP@E)? e ) VR al .
PEF  ewd T

(150)
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which holds for an arbitrary value Ey, in particular for
Ey corresponding to the maximum of function P(FE).
Looking at the left-hand side of , it seems reason-
able to introduce the following definitions of the decay
time and energy uncertainty:

[fo“ VQ() dtr [[P(E))? dE
v = s ABe=T—— . (15])
4 [y Q(t)dt max [P(E)]

Then, 7, = 7 for the exponential decay (126]). Therefore,
the lower bound for the product 7,AFE, is the same as in

(1125)) or (138)), but with different meanings of symbols:

T AFE, > mh/4. (152)

On the other hand, taking into account Eq. (137)), one
can define the characteristic decay time and energy
uncertainty as

1 [ _
= / JOW dt, AE.. = [max P(E)],
0
(153)
rewriting (150) in the form

T AE,, > 7h/2 (154)

(the coefficient 1/2 in the definition of 7.. is chosen
in order to ensure the equality 7., = 79 for the
exponential decay law). Three sets of decay times and
energy uncertainties are connected as follows:

Te = 7'*2*/7'(), AFE, = AEf*TO/Wh.

(155)

Relation ((154) becomes an equality for the exponential
decay law (126) with energy distribution (132). The

same is true for relation (152)) due to . Therefore,
inequalities and n be considered as reason-
able (and exact) energy-time uncertainty relations for
decaying systems.

As one can see, the replacement of the weight factor
P(E) by [P(E))? in the formulas for the energy “effective
variances” enables one to suppress the slowly decreasing
“tail” of the Lorentz distribution function P(E) (132]).
As a result, the “effective variance” proves to be of the
order of the physically acceptable width of the energy
level.

8.5. Problem of time operator

Inequalities (117)) or (119) could be derived immediately

from the commutation relation

[H,T] = —ih, (156)
if the time operator 1" existed. However, it was noticed
by Pauli as far back as in 1926 that no Hermitian
unbounded operator satisfying can exist for an
arbitrary Hamiltonian H. This is connected with the
specific property of energy spectrum of physical sys-
tems: since the spectrum of the time operator must
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be undoubtedly continuous and unbounded, the same
properties must also be inherent in the spectrum of the
Hamiltonian. However, energy spectra of the majority of
physical systems are bounded from below; in addition,
they can be discrete. Nonetheless, many people tried to
find some surrogates of the time operator for various
specific systems or in some restricted sense.

For the free particle Hamiltonian Hy = p2/(2m),
remembering the classical formula © = pt/m + const,
one can define a formal “time operator” as 81, [102]

To=m(p~ ‘e +ap"). (157)

Although the operators Hy and Ty formally satisfy

relation (156), it is clear that operator (157]) has a lot of

defects. First of all, it contains a singular operator p—!.

In addition, although operator in the energy
representation can be reduced to the form Ty = ihd/dE,
nonetheless it is non-Hermitian in the space of functions
used in physics usually. Indeed, the hermiticity condition
demands the eigenstates ¢ (F) to form a complete set in
the semiaxis £ > 0, to turn into zero at £ = 0 and
to be closed with respect to the operation 9/9F. Such
a set of functions does not exist, as was pointed out
in [82]. Therefore, when dealing with operators like
one should either ignore their unpleasant properties or
define the class of admissible wave functions in a special
manner (see also [I03] [I04] in this connection). The
proposal to abandon the idea of unbounded time and
to use instead some bounded time operators satisfying
was developed in [105].

Note that if the question about the existence of
“time operator” is understood in a restricted sense,
e.g. as the question of finding an operator satisfying
relation for a given Hamiltonian, then such an
operator can be found probably for any Hamiltonian.
In particular, the prescription for how to do this for
one-dimensional systems was given in [106]. But the real
problem consists in finding conditions under which the
formal “time operator” proves to be Hermitian (more
precisely, self-conjugate). Even more important is the
possibility of physical interpretation of such an operator
as true time operator. For example, the problem of the
energy spectrum boundedness does not exist for the
Hamiltonian Hp = p%/(2m) — Fi describing a particle
moving in a uniform potential field. The spectrum of
Hp is continuous and extends from —oo to oo. The
operator Ty = p/F [103, [107] is Hermitian and satisfies
equation , but what is its relationship to real time?
Moreover, Tr does not commute with the coordinate
operator #. Thus, if it were the real time operator,
this would mean that it is impossible to determine
simultaneously the coordinate of a particle and the time
at which this particle passes through the point with
this coordinate. For these reasons the difficulties with
physical interpretation force us to treat most “time
operators” constructed thus far as purely mathematical
artificial constructions without true physical meaning.
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The worst feature of such “time operators” is that they
are not universal. Instead, they should be adjusted each
time to the concrete Hamiltonian: compare operators Ty
and Tp.

Nonetheless, attempts to construct operators resem-
bling time in some restricted sense continue. One direc-
tion is to extend the Hilbert space, thus removing the
problem of lower bound of the effective Hamiltonian
[108, M09]. A time-like operator for the harmonic oscil-
lator was constructed in [IT0]. More general cases of
systems with discrete energy spectra were considered in
Refs. [ITTHIT4]. In this connection, the entropic time—
energy uncertainty relation was introduced in [I14].

One may suppose that the time operator could arise
naturally in the relativistic quantum mechanics: if oper-
ators &, exist for 4 = 1,2,3, then operator £, must
exist as well due to the relativistic invariance. Different
approaches to constructing a relativistic time operator
can be found, for example, in studies [ITT5HI18]. However,
no unambiguous results were obtained in this field.
Perhaps the reason for this failure is that not only the
time operator does not exist in the relativistic case, but
well-defined operators of the coordinates do not exist
either. Thus, the time operator can apparently be intro-
duced with the same degree of conventionality as the
coordinate operator. For example, such a conventional
operator was constructed by analogy with the known
Newton—Wigner coordinate operator [119] in study [120]
(in the momentum representation for a free particle):

o E O E ) (158)

frg——in( Ly £O0 L B
rel ! (3E + cpdp  2cp?
Then AEAT > h/2, but operator T,e; does not com-
mute with the momentum operator:
A . PE — ihE
|:T'rel7p:| = _Zh@7 |:T7“el7 |p‘:| = _%' (159)
The consequence of these relations is the rigorous version
of the known Landau-Peierls inequality [121]
1
ATAp > Sh{v™") > 1/(2c), (160)
which relates the accuracy of the measurement of
momentum to the duration of the measurement. A small
selection of other studies on the time-energy problems
contains the papers [122HI3T].

9. Conclusion

The examples considered in this short mini-review rep-
resent only a small part of several hundred publications
devoted to different kinds of uncertainty relations during
almost a century of studies. Due to the lack of space,
I did not touch such important areas as the measurement
(“noise-disturbance”) uncertainty relations, uncertainty
relations in the quantum information theory, optics,
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radiophysics, signal analysis, thermodynamics, speed of
quantum evolution, and so on. These subjects need
separate reviews.
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