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The steady-state heat equation for a circular plate with Dirichlet boundary conditions has been solved
using a method that combines Fourier expansion and a second-order finite difference scheme. This method is
implemented in a Fortran 90 program called Laplace Solver in Polar Coordinate (LSPC). The numerical solution
for a Dirichlet boundary condition with significant mathematical complexity is obtained and compared with its
corresponding analytical one, showing good agreement. Furthermore, numerical solutions are obtained for two
more physically realistic Dirichlet boundary conditions, where constant values are assigned over two hemispheres
and four quadrants. Finally, an error analysis between the numerical and analytical solutions is performed using
the error vector norm, along with a self-convergence analysis. From this, it is concluded that the method is self-
convergent and exhibits a decreasing error, which depends on the number of points in the discretization for finite

difference and the number of terms in Fourier expansion.

Keywords: Steady-state heat equation, Dirichlet boundary conditions, Fourier expansion, finite difference

scheme.

1. Introduction

The heat conduction equation is a partial differential
equation, which describes the evolution of the spatial
temperature distribution in a body. It can be expressed
as [1].

oT
Pcva = [ V- (kVT) } + quv,

(1)
where p is the material density, ¢, the specific heat
capacity at constant volume, ¢ the time, k the thermal
conductivity, T the temperature and ¢, the heat supplied
per unit volume and time due to internal sources.
For isotropic materials, the thermal conductivity is a
constant. If an isotropic material, in the absence of
internal heat sources (¢, = 0), is allowed to evolve
for a long period of time, it reaches the steady-state,
meaning that the partial time derivative becomes zero
(0T = 0). With these conditions, the heat conduction
equation reduces to Laplace’s equation,

V3T =0, (2)

Laplace’s equation takes different forms depending on
the coordinate system chosen to study the material. In
this work, a circular plate of radius R is considered (see
Figure , which results in a two-dimensional problem,
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and hence polar coordinates are chosen. Therefore,
Laplace’s equation for temperature T'(r, #) reads [2]
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In order to solve Eq. (3]), the boundary conditions
(B.C.) must be specified. These conditions describe the
interactions of the body with its surroundings [3]. The
Dirichlet B.C. is considered in this work, which specifies
the temperature distribution at the edge and is denoted
by T(R,0) = f(0).

Although this problem has an analytical solution,
this work explores an alternative numerical method for
solving Laplace’s equation. This method combines a
Fourier expansion and the finite difference scheme.

The following provides a general explanation of the
proposed numerical method. Since the temperature func-
tion satisfies that T'(r,0) = T'(r, 27), with respect to the
variable 6, it is possible to use a Fourier expansion. This
expansion is substituted into Laplace’s equation, Eq. ,
which reduces the two-dimensional problem to a one-
dimensional one, giving rise to a differential equation for
the Fourier coefficients of the expansion, which depend
only on r. Given that this equation involves first and
second-order derivatives, a finite difference scheme can
be applied. Subsequently, a complex linear system of
equations is obtained. After an algebraic manipulation of
this complex linear system, the Successive Over Relax-
ation (SOR) method [4] is used to solve the system of
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Figure 1: Schematic diagram of a circular plate of radius R,
with Dirichlet boundary condition denoted by T'(R, 8) = f(6).

equations and determine the Fourier coefficients, thereby
reconstructing 7.

When applying the finite difference with Fourier
expansion, the dimension reduction offers an advantage
compared to the same method applied on a cartesian
mesh for the circular geometry. This is because, in
order to account for the boundary conditions, the mesh
(near the boundary) needs to be modified to match
the geometry. Likewise, the simple improvement of the
propose method is an advantage over other methods,
such as the finite element method.

2. Numerical Strategy

As mentioned at the end of the previous section, it is
possible to apply a Fourier expansion to the temperature
function T'(r,0) with respect to the variable 0,

T(r,0) = Z ™ (r)et™?. (4)

m=—0o0

Where the Fourier coefficient C™ is, in general, a
complex number and depends only on 7. The index
m is an integer, commonly referred to as the mode.

Substituting Eq. into Eq. gives

- d2 m 1d m m2 m im@

m=—0oo

Since the set {exp(im#)} is linearly independent [5], the
term in the parentheses must be zero for each mode
(value of m), i.e.,

2o

1 d m m2 "
—2C" () + O () = 5 CM () =0; VmEL

rdr
(6)
Eq. @, which also depends on the m-mode, is a differ-

ential equation for the coefficient C"™(r). To numerically
solve this one-dimensional differential equation, it is

Revista Brasileira de Ensino de Fisica, vol. 47, €20250222, 2025

Numerical solution of Laplace’s equation in polar coordinates by a Fourier expansion and the finite difference scheme

Tn,+1

Figure 2: Discretization along the radial direction using n, + 2
points. This discretization is from the center (ro = 0) until the
edge (rn,+1 = R) of the circular plate.

necessary to discretize the radial direction. Along the
radial direction, n, + 2 points will be taken, as shown
in Figure 2] The radial discretization is from the center
(ro = 0) until the edge (r = r,, 11 = R) of the circular
plate. The spatial step between two consecutive points
rj is h, given by R/(n, + 1). Thus, r; = j - h, where
j = 0,1,... ,n.,n. + 1. For simplicity, the following
notation is used, C"(r;) = C7". A centered second order
finite difference scheme [6]

d m_ Cft =07y

P A TR @
@, Cm 2T Cn, .
ﬁ i h2 ) ()

is applied to all radial derivatives in Eq. @ Reordering
all the terms, it is obtain

-2 m?

4 _ cm
h2 7"]2.

J

1 1
— __— _|gm
[hQ 2rjh} it

T I e
h2 " 2r;h| 9T

The last equation, for a fixed m-mode, is applied at
points {r; : j = 1,2,...,n,}, resulting in a underde-
termined system of n, equations with n, + 1 unknowns
cy, cr,...,en),

sl
1 1

T 2(1h)h} €' =0,

1 1 o [-2 m? 7 .
o [ s O [ e

1 1]
[h? METoTAT R

=0, VmeZ (9
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Tn {h B 2<nrh>h} Ot {h - (nrh)2] Ot
1 1 _—
[+ ) O =0
(10)

Notice that the coefficient C}" ,; is evaluated at point
Tn,+1, Which belongs to the edge, and is obtained from
the Dirichlet B.C. f(#), by means of

1 2m -
mo=— e . 11
e g [ ()

This coefficient will be integrated numerically using the
composite (multiple) Simpson’s 1/3 rule for a fixed
mode [6].

Then, to obtain a consistent system, an additional
equation is required. For this, it is considered a numerical
approximation where the temperature at the center is
a temperature average around the center. Due to the
smoothing nature of Laplace’s solution, it is possible
to assume that the temperature field is locally smooth.
Therefore, temperature at the center should be close to
the surrounding values, in this case the temperatures
at points with radius r;. In general, the number of
temperatures used for this average is arbitrary, but
for simplicity, four equidistant points can be chosen to
ensure they are properly distributed around the center.
Thus, it is possible to establish an additional relationship
between the coefficients C§* and C7*, which allows the
system, Eq. , to become consistent. This relationship
is derived by considering the value of T'(rg,0) = Ty as
the average temperature of four nearest neighbor points
(see Figure [3)).

For this particular case, the following temperature
values will be considered: T(Py) = Ty, T(P2) = T3,

Figure 3: Four nearest neighboring points, considered in the
average for the computation of T'(ro, 6).
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T(P3) = T5 and T(Py) = Ty. Thus, it follows that

1
Ty = 1 (T + T+ T3+ Ty) (12)
m;m Cireim? = m;m i (1 + etmT /24

etmT + eim37r/2> C{neime (13)

4C" = (1 +eimE 4 etmT eim%ﬂ) crr (14)
4C" = a,CT". (15)
Where the value of a,,, depends on m-mode
4; mmod4=0
am_{O; m mod 4 # 0. (16)

Eq. , together with the system in Eq. , completes
a consistent system of equations. Ordering the equations,
the system obtained for a fixed m-mode (m € Z) reads

Az =b, (17)
where,
4 -y 0 0
1_ 1 =2.m? 1 1
hZ " 2h? if }112 @;*21122 0
A=| 0 o mie 0 ,
. -2 m?>
0 0 0 B2
(18)
T =[cp o onl, (19)

b =10 0 (o) Cma] - (20)

By solving the linear system, Eq. , it would
be sufficient to substitute the solution into Eq. .
However, it is possible to reduce the computation just
for m > 0. Since T'(r,0) is a real function, then it can
be shown that Cj_m = C7". Now, Eq. is restated as
follows,

o0
T(r;,0) =C)+ > (Cre™ +Cre™?).  (21)
m=1
For computational reasons, the summation of Eq. (21))
cannot be evaluated for an infinite number of modes.
Then it is necessary to truncate this summation for m
until a prescribed value mg,qz,

Mmazx
T(rj,0) = CY+ Y (Cre™ + ™). (22)
m=1
In this way, the number of systems to be solved is
limited. After solving the system, Eq. 7 for m =
0,1,...,Mmaz, the obtained coeflicients are substituted
into Eq. (22)), in order to recover T'(r;,6).
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3. Results

In the previous section, it was shown that the tem-
perature at certain points of the circular plate can be
determined using Eq. (22), where the coefficients {ery
(m = 0,...,Mmqr and j = 0,...,n,) are obtained by
solving the system in Eq. . It should be noted that
this system of equations is complex. In appendix [A]
an algorithm to solve such a system is described. This
algorithm is based on the idea that the matrix A, as
well as the vectors z and b, can be split into real
and imaginary parts. The numerical strategy and the
solution of the complex linear system are implemented
in a Fortran 90 program called Laplace Solver in Polar
Coordinates (LSPC), which is available on GitHub [7].

To present a solution, a boundary condition with
significant mathematical complexity is proposed, which
will evaluate the accuracy and stability of the method.
Thus, the Dirichlet boundary condition considered, for
0 expressed in radians, is given by

fo(0) = (1+6%*sinf °C . (23)

When running the LSPC program to obtain the
numerical solution, it is necessary to specify the param-
eters defined in the method (n, and M., ). For each
pair of provided values a solution is obtained, which can
be graphically represented as a heat mapﬂ as shown in
Figure [ for a circular plate of radius R = 1 m.

Subsequently, the numerical solution will be compare
with the analytical one, which is obtained using the
method of separation of variables. When the method is

(@) n=3

T(r,8) (°C)

(c)n,=15 (d) n,=30 -10

-15
=20
=25

Figure 4: Heat map for the numerical solution of Laplace's
equation in polar coordinates with the Dirichlet B.C. fp(8), on a
circular plate of radius R = 1. Considering a value of mq2 = 5
and different values of n, = 3,7, 15, 30; with a discretization of
100 points in the variable 0 to plot.

I The Matplotlib library in Python was used to generate the heat
maps and other graphics. This code can be found in the repository.
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applied, a general solution is obtained [§],

T(r,0) = %O + Z r"(c, cosnd + d,, sinnf).  (24)

n=1

Where ¢,, and d,, are constants, that can be determined
from the Dirichlet B.C., T(R,0) = f(#). By multiplying
the Eq. by cosn’f or sinn’f, and integrating term-
by-term over the variable 6 from 0 to 27, the equations
for the coefficients ¢, and d,, are obtained [J]. This
results in,

1 27T

R'c, == [ f(@)cosnfdf, n=0,1,2,...; (25)
™ Jo
1 27

R'd, == [ f(0)sinn0df, n=1,2,3,.... (26)

™ Jo

Thus, the analytical solution for the Dirichlet B.C. fp(8)
is given by (see appendix [B]),

T(r,0) = 27 + 1 (—mos(a) + (3+68”2> sin(9)>

> 4m 3n .
+ ;rn (n2 — cos(nf) + A=z sm(n9)> .
i (27)

This analytical solution, Eq. , provides the tempera-
ture at each point of the circular plate. It is represented
as a heat map, as shown in Figure[f] for a circular plate
with a radius of R = 1 m. From this, it can be observed
that the numerical solution exhibits a good agreement
with the analytical one.

In addition to the solution for this boundary condition
fp(0) (which is purely mathematical), two more phys-
ically realistic cases will be presented. These cases cor-
respond to Dirichlet boundary conditions with constant
values over two hemispheres and four quadrants.

Figure [f] shows the heat map of the numerical solution
obtained using the LSPC program for the following

T(r,8) (°C)

=25
Figure 5: Heat map for the analytical solution of Laplace's

equation in polar coordinates with the Dirichlet B.C. fp(6),
on a circular plate of radius R = 1.
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Figure 6: Heat map for the numerical solution of Laplace's
equation in polar coordinates with the Dirichlet B.C. fpi(6),
on a circular plate of radius R = 1. Considering a value of
Mmaz = D and n, = 30; with a discretization of 100 points in
the variable 0 to plot.

TZ((I)',G) (°0)
18
16
14

12

10

Figure 7: Heat map for the numerical solution of Laplace's
equation in polar coordinates with the Dirichlet B.C. fp2(6),
on a circular plate of radius R = 1. Considering a value of
Mmaz = 5 and n, = 30; with a discretization of 100 points in
the variable 6 to plot.

Dirichlet B.C.,
o1 (0) 20°C; 0<O<m (28)
ey 10°C; <6< 2m.

Figure[7]shows the heat map of the numerical solution
obtained using the LSPC program for the following
Dirichlet B.C.,

20°C; 0<0<7Z

foalg)= {0 CF =0T (29)
20°C'; 7T§9<37’T
10°C; 3F <6 <2r.

4. Error Analysis

In the previous section, heat maps for the boundary
condition fp were presented, showing the numerical
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and analytical solutions (Figure El and |5} respectively).
Despite the good agreement between both solutions,
it is possible to analyze how closely the numerical
solution approaches the analytical one. Therefore, the
difference between these solutions can be quantified, and
this quantification will depend on the n, and Mm,qz
parameters. To achieve this, it is necessary to define the
analytical solution vector U and the numerical solution
vector u. The components of U and u, correspond to
the values of the analytical and numerical solution at
the discretized points of the domain, respectively. Thus,
the components of the error vector e = [eq,ea,...,eN]
(where N is the number of points in the discretization
of domain) are defined by e; = U; — u;. The 1l-norm of
the error vector [10] can be computed as follows,

1 N
el = 2 e (30)

The 1-norm quantifies the error between the analytical
and numerical solution. Figure [§| shows the error vector
norm as a function of the my,,, parameter, keeping
the n, parameter fixed. It can be observed that for
values of n,. in the range from 10 to 20, the norm does
not decrease completely. In the range n, € [30,100],
the norm decreases linearly on a logarithmic scale (by
simple inspection) up to a value of M4, around 40.
This behavior is characteristic of methods that use a
Fourier expansion and is known in the literature as
spectral convergence [I1]. For higher m,,q, values, the
norm increases. Finally, in the range n, € [200,300], the
norm also decreases up to a value of m,,., about 40, but
this decrease does not follow the linear trend observed
in the previous range. It can be concluded that the
range of parameters where the error decreases linearly
is n, € [30,100] and Myqe € [10,40]. Then taking the
error vector norms in the specified range of my,q., for a

10—3 4

llell

10—4 4

10t 10?2

Mmax
Figure 8: Calculation of the error vector norms as a function of

the parameter Mumqz, for different values of n,.. The graph is
plotted on a logarithm scale.
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Figure 9: The value of s as a function of n,, obtained after
fitting the error vector norm to a - exp (s1n (Mmaz)). The error
vector norms are calculated by varying mnqz from 10 to 40, for
a fixed value of n,.

fixed value of n,. (within its specified range), it is possible
to fit the norm value to [12]

lef| = a- es i (mmes) (31)

where a and s are constants. Taking the natural log-
arithm on both sides of equation, a linear fit on In-In
scale (logarithm scale) is obtained, which is

In(Jle|) = s - In(Mmmaz) + In(a). (32)

The exponent s, in Eq. , represents the slope of a
straight line that relates the error vector norm logarithm
to the logarithm of My, value. Thus, a straight-line fit
is obtained, with its respective value of s, for each n,
parameter value (see Figure E[) As show in Figure EI, s
increases as n,. increases. However, since the value of s
is negative, an increase in s results in a less steep line.
Therefore, as the n, value increases, the error vector
norm decreases more slowly as a function of m;,4,. Thus,
it is not very useful to consider higher values of n,., since
even with the highest value of m,,, (within the range),
the error would not decrease significantly.

As mentioned, it is not useful to consider large values
of n,; for this reason, an analysis of the error vector
norm as a function of h is presented in Figure The
parameter Mm,,.. is kept constant and fixed at 40. The
aim is to analyze the range of n, in which the expected
second-order convergence of the finite difference method
is attained. The range of values for the parameter m.,qz
corresponds to the interval in which the error exhibits
spectral convergence, characteristic of Fourier expan-
sion, as shown in Figure [§l As shown in Figure a
set (or range) of n, values in which the error vector
norm decreases according to the fit performed with the
same data (0.1724 - h%-2630 — 0.0078 - h1-2630 + 0.0002).
The fit exhibits a second order approximately for the
range n,. € [10,40]. However, Figure [§ shows that in
the range n, € [10,20] the norm stabilizes quickly, and
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n,=10 *
n,=20

n,=30

n.=40

n.=50

n,=60

n,=70

n,=80

n,=90

Curve-fitting

0.0005 4

0.0004

Ol A0 ¢ X o + *

[lell

0.0003 4

0.0002 ~ @

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
h

Figure 10: Calculation of the error vector norms as a function
of h (directly related to the parameter n,.), for a fixed value of
Mmax equal to 40.

no improvement in the approximation is obtained by
increasing the value of m,q,. Therefore, the range is
reduced to a single value, yielding an optimal value of
n, = 30.

In addition to the comparison between the numerical
and analytical solutions, performing a self-convergence
analysis is also important. This is achieved by comparing
the numerical solution itself under variations of Mm,qq.
and n,. To this end, two numerical solution vectors,
U™ and U™, are defined, where m and m’ (m’ < m)
represent the values of mpy.x for each solution, con-
sidering the same n, value. The components of these
vectors correspond to the numerical solution values at
the discretized domain points. Thus, the new error

. / .
vector is defined as €™ = U™ — U™ . In this case,
the infinity norm of the error vector is used, which
is computed as ||e™||oc = max |e;|, where e; are the

components of e™. Figure [T1] illustrates how the error

10° 4 N o n=10

\T\\ A

o

&

1071 8

+

= 1072
1073 4
1074 1— . : . : : .
10 20 30 40 50 60 70
Mmax

Figure 11: Norm of the error vector as mqz increases, for
different values of n,. Logarithmic scale is used to plot norms.
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Table 1: Range of values for the parameters n, and Mmaxz,
where the method, implemented in the LSPC program, is self-
convergent and presents a bounded and appropriately decreasing
error.

Parameters Range
N 30
Mmaz 10 - 40

norm varies as mmyax increases while keeping n,. constant.
It is observed that the error decreases as mmax increases
for different values of n,.. This confirms that the method
is self-convergent.

Considering all the points discussed in this section, the
range of values of the parameters n, and m,,q;, where
the method is self-convergent and exhibits a bounded
error reduction, is given in Table

5. Conclusions

This paper explores an alternative numerical method
based on a Fourier expansion combined with a second-
order finite difference scheme to solve the steady-
state heat equation (Laplace’s equation) with Dirichlet
boundary conditions on a unitary circular plate. The
method was implemented in the LSPC program, which
depends on the n, and m,,., parameters, which allows
to compute the temperature values at the points of the
discretized domain. In section[3] a numerical and analyt-
ical solution are presented, and a qualitative comparison
shows them to be similar. In order to obtain a quantita-
tive comparison, an error analysis was performed. From
that, it can be concluded that the method developed
and implemented in the LSPC program demonstrates
self-convergence and bounded error reduction within the
prescribed parameter ranges.

Among the possible extensions or modifications to the
proposed method, other boundary conditions such as
Neumann or mixed conditions can be considered. These
types of boundary conditions specify the value of the
heat flux at the boundary. In such cases, the formulation
of the method would be similar up to the point of
obtaining the Fourier coefficient corresponding to the
boundary, since this coefficient represents the Fourier
expansion of the temperature, while in these cases the
flux (or both) is prescribed. Therefore, a relationship
between the Fourier coefficients of the flux and the
temperature would need to be established in order to
obtain a consistent linear system. This would allow the
calculation of the Fourier coefficients and subsequently
the temperature.
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Appendix
A. Complex linear system

It is possible obtain a real linear system from a complex
linear system. For this, Ref. [13] is used. Consider a linear

system
Az =, (A1)

where A € C"*" and z,b € C™. The system can be
rewritten with real matrices like

(M + ZN)(x +1iy) = by + ibo, (A2)
where M, N € R"™ "™ and x,y,b;,bo € R™. After
performing the operations, results

Mz +iMy+iNz +i*Ny = by + iby (A.3)

Equating the real and imaginary parts of both sides of
equation yields the following system

Mx— Ny = b
{N:E S My = by (A.5)
This can be expressed in matrix form as
M —N||z| |b
R 1/ R

Finally, a real linear system that is equivalent to
Eq. (A.1) is obtained. In this work, the new linear system
is numerically solved using the SOR method [4].

B. Calculation of integrals

In this appendix, the results of the computations
required to obtain the coefficients ¢, and d, of the
analytical solution to Laplace’s equation, Eq. , are
presented. The results are obtained for the boundary
condition fp, Eq. , from Eq. and Eq. .

Coefficient cg,

1 27
co = 7/ (1+62)sin 6 db, (B.1)
m™Jo
Co = —4r. (BQ)
Coefficient ¢,
1 2m
o 7/ (1+62)sinf cos@ db, (B.3)
T Jo
6 = —m. (B.4)
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Coefficient ¢,,, for n > 2,

1 2
Cn = 7/ (14 6%*)sinf cosnb db, (B.5)
T Jo
4
Coeflicient dj,
1 2
dy = f/ (14 6?)sin? @ db, (B.7)
T™Jo
3 + 872
d = ————. (B.8)
6
Coefficient d,,, for n > 2,
1 27
dp = 7/ (1+62)sin@ sinnb do, (B.9)
T Jo
8n

To evaluate the previously introduced integrals, the
following relations are used

/sin nf cosmb db

m sinmbf sinnf +n cosmb cosnb

= - ,  (B.11)
/Sin nf sinmb do
_n sin m@ cosn02— m2cosm0 sin n9, (B.12)
m2—n
/cos n@ cosmb db
_m sinmé cos nz - n;:osm@ sin n9. (B.13)
m2—n
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