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Density Functional Theory (DFT) is a widely used method to calculate the electronic structure of materials. One
of the pivotal ingredients in the traditional DFT modeling strategy is the Exchange and Correlation Functional
(Exc). An inappropriate choice of the Exc can lead to substantially erroneous predictions. For example, the
Generalized Gradient Approximation (GGA) dramatically fails to predict the band gap of strongly correlated
systems. DFT+U, a corrective methodology based on the Hubbard model, offers a cost-effective approach to
address this problem. This work provides an introductory overview of the DFT+U method. First, we discuss
the importance of the Ex¢ functional in DFT, and then we introduce the DFT+U approach. Subsequently, we
illustrate the method’s applicability by calculating the electronic, magnetic, and structural properties of FeO
using PBE and PBE+U functionals. We show that GGA fails to describe the electronic character and magnetic
ordering of FeO, while DFT+U provides an accurate description of the FeO properties.

Keywords: Hubbard Model, Strongly Correlated Systems, Density Functional Theory.

A Teoria do Funcional da Densidade (DFT) é um método amplamente utilizado para calcular a estrutura
eletronica de materiais. Um dos ingredientes centrais da estratégia tradicional de modelagem na DFT ¢é o
funcional de troca e correlagdo (Ex¢). Uma escolha inadequada do Exc pode levar a previsdes substancialmente
incorretas. Por exemplo, a aproximacao do Gradiente Generalizado (GGA) falha drasticamente em prever o band
gap em sistemas fortemente correlacionados. O método DFT+U, uma metodologia corretiva baseada no modelo
de Hubbard, oferece uma abordagem computacionalmente eficiente para lidar com esse problema. Este trabalho
apresenta uma visdo introdutoéria do método DFT+U. Primeiro, discutimos a importancia do funcional Exc na
DFT e, em seguida, introduzimos a abordagem DFT+U. Posteriormente, ilustramos a aplicabilidade do método
por meio do calculo das propriedades eletronicas, magnéticas e estruturais do FeO usando os funcionais PBE e
PBE+U. Mostramos que a GGA falha em descrever corretamente o carater eletronico e a ordem magnética do
FeO, enquanto a DFT+U fornece uma descrigdo precisa das propriedades do FeO.

Palavras-chave: Modelo de Hubbard, Sistemas Fortemente Correlacionados, Teoria do Funcional da Densidade.
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1. Introduction

Interactions between charged particles dictate a
material’s properties. Therefore, electronic structure
calculations play a crucial role in materials science and
technology; they provide the possibility to describe,
understand, and even design materials for device appli-
cations, for example [IH3]. In general, computational
electronic structure methods attempt to tackle the
quantum many-body problem, which can rarely be
solved exactly; thus, approximations are commonly used.
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Strategies based on Density Functional Theory (DFT)
balance accuracy and computational effort in solving the
many-body problem. The formalism underlying DFT
provides an exact framework to obtain the ground
state (GS) of a many-body system [4]; nevertheless,
in practice, approximations are necessary, as discussed
later in this paper [5]. One central aspect of DFT is using
the electronic density (n) as the key quantity, contrasting
with the wavefunction methods, which directly attempt
to obtain the system’s wavefunction.

In many-body wavefunction methods, we describe a
system of N interacting electrons by constructing a
wavefunction that depends on the coordinates of all elec-
trons simultaneously. This wavefunction lives in a high-
dimensional space: since each electron is characterized
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by three spatial coordinates, the full wavefunction is
defined in a 3N-dimensional space. We typically use
combinations of single-particle wavefunctions to build
this many-electron wavefunction.

For example, linear combinations of Slater determi-
nants can ensure the overall wavefunction satisfies the
antisymmetry required by the Pauli exclusion principle.
Once this object is constructed, all physical properties
of interest—such as the total energy, density, or response
functions—can, in principle, be obtained by computing
appropriate expectation values. However, due to the
exponential scaling of the complexity with the number of
electrons, this approach quickly becomes computation-
ally demanding, limiting its practical use to relatively
small systems [5] [6].

DFT takes a fundamentally different approach:
although we still solve an effective set of one-body equa-
tions, the single-particle wavefunctions are used not to
reconstruct a 3N-dimensional many-body wavefunction,
but rather to build the electronic density n(r), a scalar
quantity defined by three spatial variables. Observables
are then evaluated as functionals of this much simpler
object. Replacing the many-body wavefunction with the
electronic density captures essential quantum mechani-
cal effects and makes DFT significantly more practical
and scalable for realistic materials calculations. More
details can be seen in the appendix [A]

From the practical standpoint, DF'T requires approx-
imations for the Exchange and Correlation (XC) energy
functional [5, [ (Exc[n(r)]). Defining a universal
Exc[n(r)] is an open problem in DFT; thus, we
need to add the right ingredients to the Exc[n(r)] to
describe a particular class of materials [7]. The most
common methods to express Ex¢ are the Local Density
Approximation (LDA) and the Generalized Gradient
Approximation (GGA). Both approaches are successful
in describing certain sets of materials. However, LDA
and GGA provide inaccurate descriptions of strongly
correlated materials [§], systems in which the potential
energy from electron-electron interactions is comparable
to, or can even surpass, the kinetic energy of the
electronic particles [9]. These materials typically present
open-shell d or f localized states, where the electrons
interact strongly, and correlation effects become crucial
9, 24].

The failure to account for strong correlations leads
to clear signatures, such as predicting Transition Metal
Oxides (TMOs) to be metallic when, in fact, they are
insulators due to the localized nature of the partially
filled d states [§]. TMOs are prototypical examples of
Mott insulators, where the insulating behavior arises
from electron correlation [8]. The lack of success is
related to both approximations relying on mean-field
strategies, which leads to an excessive delocalization
of valence electrons [10]. Therefore, modeling systems
with prominent electron localization requires corrective
methods. In this work, we discuss DFT+U: an approach
to addressing strongly localized valence electrons in DF'T
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[11, 12]. The parameter U, inspired by the Hubbard
model, introduces an effective on-site Coulomb repulsion
to adjust the GGA or LDA inherent over delocalization.
We apply the DFT4U to the Mott insulator FeO and
show how the U correction overcomes the band-gap
problem.

2. The XC Functional Role in DFT

2.1. The energy density functional

We can model atoms, molecules, and solids as a
group of ions and electrons interacting via Coulomb
forces. Suppose we want to determine a material’s total
energy (E). In that case, we need to compute the
electrons’ total kinetic energy (T¢), the electron-electron
(Vee), and the ion-electron (V) interaction energies.
From this point on, we adopt the Born-Oppenheimer
(BO) approximation, which assumes that the electronic
cloud adjusts instantaneously to the much slower motion
of the nuclei, such as vibrations and rotations. This
separation of timescales, justified by the significant mass
difference between electrons and nuclei, allows electronic
and nuclear motions to be treated separately. Within
this framework, the nuclei are handled semi-classically
using the Hellmann—Feynman theorem, where the forces
acting on them are derived from the electronic energy [5].

The BO approach enables obtaining equilibrium struc-
tures and structural relaxations while retaining a quan-
tum mechanical description of the electrons. The elec-
tronic state depends parametrically on the positions
of the nuclei. From a practical standpoint, the ion-
ion interaction energy, being independent of the elec-
tronic wavefunction, varies parametrically with the ionic
coordinates. This is essential in the Hellmann—Feynman
scheme for determining the equilibrium positions of the
atoms.

Within the DFT framework, F is expressed as a func-
tional of the electronic density n(r), and the electronic
density n(r) goes from an observable to a key object
or variable [5] [7, [[3]. All properties are fully described
through an energy functional relation:

E[n] = T[n] + Vee[n] + Vewt[n] = Fn] + Veae[n], (1)

the term F[n] = T[n] + Ve[n| is the same for all
electronic systems, and it is referred to as the universal
functional. The V,,; varies for each system, and unlike
F[n], it does not depend exclusively on the electrons;
thus, it is commonly named as the external potential.

The Kohn-Sham (KS) method obtains the universal
functional by creating a non-interacting auxiliary system
(KS ansatz) with the same density as the original
one [5]. From the practical point of view, we define a
KS universal functional as:

Fln] = Ts[n] + Eu(n] + Excln], (2)

the functional T[n] is the total electron kinetic energy
of the auxiliary system. Ep is the Hartree interaction
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energy, which comes from the solution to the classi-
cal Poisson equation [I4], thus including only classical
effects on the interaction between electron densities. The
exchange and correlation functional Exc[n] contains
all interactions omitted from the sum Ts[n] + Eg[n],
so that equation [2| provides an exact solution for the
universal functional. Despite Ex¢[n] accounting for a
small portion of the total energy, it is crucial to model
chemical bonds as commonly referred to as nature’s
glue [15]. By applying the rules of DFT, as expressed
in appendix one arrives at the Kohn-Sham (KS)
equations:

2

7271—mv2 + veff(r) ¢1(r) = Ei¢i(r)a (3)

with
Veff(T) = Vewt (1) + vE(r) +vx0(T),

his = —(h2/2m) V2 + ey is the KS hamiltonian, ¢,(r)
are the KS orbitals and ¢; are the KS eigenvalues (see
appendix [A)).

2.2. Exchange and correlation functional

The energy functional in equation [1| provides a path to
calculate materials’ properties; this approach’s effective-
ness depends on how accurately we express the terms in
equation [2} All many-body quantum-mechanical effects
must be included in Fx¢, but the exact mathematical
expression of Exc[n(r)] is unknown [13]; therefore, it
is natural that KS-DFT misses correlation effects in
practice [5].

There are essentially two main approaches to con-
struct a density functional [I6]. The first relies on
mathematical modeling of known physical effects, aiming
to capture fundamental properties of the electronic
system through approximations and norms grounded
in theory [I7]. The second approach is data-driven.
For example, machine-learning-based density functionals
are trained on large datasets of reference calculations,
and the underlying patterns of electronic behavior are
extracted directly from data rather than from explicit
physical assumptions [I7, [18]. Regarding the functionals
based on physical effects, there are levels of approxima-
tions for the Ex¢ term, usually disposed of in the so-
called Jacob’s ladder of functionals, as seen in Figure
inspired by reference [I9]. The higher the rung, the more
accurate the functional, which typically leads to a higher
computational cost.

The simplest approximation is based on the uni-
form electron gas and is the 1% Jacob rung [5 [20].
It is called the Local Density Approximation (LDA).
Its mathematical form depends only on the density as
a function of position n?(r), with o representing the
spin degree of freedom for spin-polarized calculations.
Due to its simplicity, it is computationally cheap but
only describes a limited group of systems appropriately.
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Heaven of accuracy

Figure 1: Jacob’s ladder illustrating the various types of
approximations for the term Exc. The lowest part of the ladder
is Hartree theory, which does not account for exchange and
correlation effects. The highest part represents an exact Exc.

Since it is formulated based on the uniform electron gas,
it is expected to give reasonable results with solids well
described by a homogeneous electron gas, such as the
alkali metals [II, 5].

The GGA approach consists of adding the dependency
of |Vn?(r)| to the LDA functional. It represents the
274 Jacob rung and an increase in accuracy since the
contribution to the energy is not only the density itself
anymore, but also its spatial variation. Even though it
is a slightly computationally more expensive approach
than the LDA, its cost-benefit is better [21].

Meta-GGAs are in the 37¢ rung and rely on the
dependency on the kinetic energy density, 7, or on the
laplacian of the electron density V?n°(r) [I7]. They
are more accurate and computationally more expensive
than GGA functionals. If one considers Ex¢ as a Taylor
expansion, it adds more terms to the series to decrease
inaccuracies. In this way, the more terms one adds, the
more accurately Fxc describes many-body quantum
effects.

Hybrid functionals carry this terminology because
they use a portion of the exact Hartree-Fock exchange
energy. Therefore, they are non-local and generally more
accurate functionals for predicting e.g. band gaps and
formation energies when compared to GGA or LDA
[, 22]. Nonetheless, they are much more expensive
computationally [5] 23].

Since all EFx¢ used are in practice approximations,
KS-DFT can miss part of the correlation effects in some
systems. This can have high implications for strongly
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correlated systems, such as TMOs. DFT+U stands as a
cost-effective approach to modeling strongly correlated
systems. It introduces a corrective parameter U to con-
sider the electron localization. This discussion raises a
natural question: when does one use a hybrid functional
or DFT+U? A natural answer is that it depends on
what one wants to calculate. The hybrid functional
approach is computationally more expensive than the
+U correction [8, 23] 25]. On the other hand, one needs
to find an effective route to tune the U parameter [20].

2.3. The Hubbard XC

DFT+U is based on the Hubbard model, which is essen-
tially an extension of the tight-binding approximation
with an on-site Coulomb repulsion interaction [27]. The
model is for non-relativistic fermions with spin 1/2,
electrons in this case, and it is summarized by the
following Hamiltonian [28]:

==t > (etie +&otio) +UD iy, (4)
7

éZTU represents the creation operator, which creates a

fermion with spin ¢ on the site i, ¢;, annihilates a
fermion in site j with spin o, n;, = égaéw is the number
operator, and it counts the number of electrons on-
site ¢ with spin ¢. The Hamiltonian is divided into the
kinetic energy term, the first term on the Right-Hand
Side (RHS), and a potential term proportional to the
Hubbard U, which is the second term on the RHS.
The Hubbard U is the key parameter in the DFT+U
description.

In equation [4] ¢ represents the nearest-neighbor hop-
ping amplitude, while U quantifies the on-site Coulomb
repulsion between electrons. These two terms compete
with each other, as illustrated in Figure[2} for an electron
to hop to a neighboring site, it must overcome the
energy cost associated with U. Of particular interest
is the regime where U is comparable, or bigger, to
the bandwidth W, which is determined by the hopping
parameter ¢. This intermediate regime is interesting
for localized states—such as those involving d and f
electrons—and is characteristic of strongly correlated
systems. Because both terms are comparable in energy,
perturbation theory is not a good method within this
limit, and more complex approaches are needed.

From the Hubbard Hamiltonian in the U/t >> 1 limit,
one can obtain a Heisenberg spin-spin interaction for
an antiferromagnetic (AFM) system [29]. This result is
applicable to several transition-metal monoxides, which
are strongly correlated systems and typically exhibit
an AFM ground-state magnetic phase [8]. Therefore,
the idea behind DFT+U is not to replace the underly-
ing exchange-correlation functional-whether it be LDA,
GGA, or a more elaborate approximation—but to correct
it by adding an explicit Hubbard-like term. This cor-
rection is applied selectively to the chosen manifold of
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o o o S
U

Figure 2: Electrons are allowed to hop between neighboring sites
with probability amplitude ¢, but double occupation of a site is
energetically costly, incurring a penalty of U.

localized states, typically the d and/or f electrons, while
the delocalized s and p electrons remain described by the
standard Kohn—Sham Hamiltonian. This approach has
proven especially useful for improving the description of
magnetic properties in strongly correlated materials, as
discussed above.

This approach is guaranteed by the potential
below [30], which is added explicitly on DFT equations
(more precisely on Vesy of equation shown in the
appendix):

We=v S (3-riz) it o

U is the Hubbard parameter. The ni? term is the occu-
pation matrix eigenvalue on site ¢, localized state |m) (d
and/or f states) and spin state o. This potential acts
only on localized states |m) because of the projection
operator written as a function of localized states b, =
|m)(m|. A diagram of its action in the DFT+U context
is shown in Figure

Since DFT essentially deals with energy minimization
problems, minimizing the energy eigenvalues of 95,
is obtained by moving electrons from less-than-half
occupied states, |m’) in the figure, to more-than-half
occupied states, |m), always keeping the number of
particles constant, concluded by analyzing the functional
form of the ¥xc potential. This tends to split the
levels, opening a gap mediated by the strength of the
interaction U, completing the DFT+4U description of
materials.

The position of DFT4+U on Jacob’s ladder is
dynamic—it depends on the base functional and on how
well the U parameter is chosen. When U is close to
its physical value, the correction improves the descrip-
tion of correlated systems and effectively shifts the
method upward, like an elevator toward heaven, not
necessarily reaching it. However, poorly chosen values
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Figure 3: Diagram of the DFT4U action. H is the Hilbert
space of the system (spanned by the eigenstates of the KS
Hamiltonian), Hy is the localized Hilbert space, where the d
and f states live, |[m) and |m’) are localized states and U is the
Hubbard parameter. The rectangles represent the states, and
the blue filling indicates the electron occupation. This diagram
allows one to explicitly see the transition from the less-than-
half-occupied orbital to the more-than-half-occupied orbital by
the electrons.

of U can degrade the results and pull the functional
downward. A similar perspective is discussed in the work
of Kulik et al. [31]. The DFT+U computational cost is
slightly higher compared with standard DFT functionals
such as PBE. This modest increase is negligible when
compared to the substantial computational demand of
hybrid functionals. Therefore, if one aims to describe
strongly correlated systems accurately, DFT+U offers a
great cost—benefit ratio relative to standard DFT: the
computational cost remains nearly the same, while the
physical description is significantly improved [32].

3. Computational Details

All calculations were performed using the projector-
augmented wave (PAW) method as implemented in
Quantum ESPRESSO [33H35]. The calculations were
performed using the spin-polarized formulation of DFT.
A plane-wave cutoff energy of 65 Ry was used, and
a Monkhorst-Pack grid with a 5 x 5 x 5 k-mesh was
employed to sample the Brillouin zone. Ionic relaxation
was considered converged when the forces between
atoms were smaller than 10~7 Ry/ag, and the electronic
structure was considered converged once the energy
difference between electronic steps were smaller than
108 Ry/ap. We used the PBE functional, which is a
particular implementation of GGA [36], with a Hubbard
U correction equal to 5.4 eV applied to the Fe d electrons.

The U value was obtained using the linear response
approach. The method proposed by Cococcioni et al. [26]
is based on the observation that, in an exact description,
the total energy as a function of the occupation number
should be piecewise linear between integer occupations.
Deviations from this linear behavior arise from self-
interaction errors (SIE) inherent to approximate DFT
functionals. The key idea is to determine the value of
U that minimizes the SIE, i.e., the value that restores
piecewise linearity in the energy versus occupation curve.
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Figure 4: FeO crystal structure. On the left, the Rock Salt FCC
structure, and on the right, the ABC stacked structure in the
[111] direction.

In this framework, the unphysical curvature caused by
the SIE is effectively canceled when the numerical value
of U is set equal to the curvature of the LDA or GGA
energy profile, which is precisely the correction provided
by the method [26].

4. Using DFT+U - FeO

In this session, we apply the DFT+U (PBE+U from now
on) to the iron (II) oxide, FeO, which presents a cubic
Rock Salt crystal structure with an antiferromagnetic
ordering; the Fe planes alternate the magnetization
along the [111] direction as illustrated in Figure [4| The
strong coupling between O 2p and Fe 3d orbitals leads
to strongly localized and correlated electrons, which
calls for approaches beyond LDA and GGA. Therefore,
FeO offers a playground to apply PBE4+U to model
strongly correlated systems. For the Hubbard correction
parameter, we obtained 5.4 eV for the Fe atoms, which
agrees with previously calculated values in the literature
[8, B7H39]. Since the 9% only acts on localized states,
its value is applied only to Fe d electrons. This step
was crucial since the Hubbard U is an external system-
dependent parameter.

Furthermore, the orbital occupation symmetry is bro-
ken [26]. By Crystal Field Theory (CFT), the octahedral
FeO geometry splits the five-fold degenerate d states
into two sets with different energies [40]. One of these
sets is triply degenerate (to4), and the other is doubly
degenerate (eg). To describe the FeO system as a Mott
insulator, the a;4 level needs to be occupied, or the
only level which has a different occupation eigenvalue
in the set of ¢, states [26]. This nudge on occupation
numbers is sufficient to take the system off a metallic
local minimum on the energy landscape. Other forms of
symmetry breaking may exist, allowing the system to
transition to states of even lower total energy.

Compared to the PBE description, the PBE+U model
successfully reproduces the FeO GS magnetic properties.
We compare three different magnetic configurations for
both functionals, ferromagnetic (FM), AFM, and non-
magnetic (NM), as exhibited in Figure [5| The energy
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Figure 5: Comparison between different magnetic phases cal-
culated with (a) PBE and (b) PBE+4U. Each point on each
curve represents a self-consistent electronic calculation. The
inset shows the quasi-degenerate region between AFM and FM.

difference between FM and AFM configurations, pre-
dicted by PBE is AE = 0.019 ¢V /atom. The AFM phase
is separated from the NM phase by AE = 0.57 eV /atom.

Clearly, the energetically most favorable configuration
in the PBE4+U formalism is the AFM, which indicates
that our model indeed gives the proper experimental
GS magnetic configuration [4I]. Furthermore, the energy
difference from the AFM to the FM configuration is
AE = 0.32 ¢V/atom. This difference exceeds kpT at
room temperature (kg7 = 0.026eV'), indicating that the
model predicts an AFM GS, and thermal fluctuations
at ambient temperature should not lead to a magnetic
phase transition.

The pivotal importance of including the U correc-
tion to describe FeO properties can be highlighted by
comparing the results obtained with and without the U
correction. Table [I|summarizes lattice parameter (a), Fe
magnetic moments (Mp.), and band-gap values in both
cases. While the lattice parameter became overestimated
with the addition of the Hubbard parameter U, which
is expected for GGA calculations, Fe magnetic moments
became much more accurate, illustrating the importance
of the 4+U correction. FeO is also predicted as an
insulator with the correct band-gap value, in contrast
with the metallic GS predicted by PBE.

Figure [ shows the projected DOS for PBE and
PBE+U calculations, respectively. The lattice parame-
ters used are consistent with Table i.e. 4.27 Afor PBE
and 4.43 A for PBE4U. The DOS is projected onto the
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Table 1: Comparison between the PBE and PBE+U methods
calculated in this study, and experimental data available in the
literature. One can note the better description of magnetic
moments and the good agreement of the experimental and
calculated band gaps when using the +U correction.

Method/source @ (A) Mg, (up) band gap (eV)
PBE 4.27 3.27 metallic
PBE+U 4.43 3.5 2.54
Exp. [42, 43] 433 3.324.2 2.4

— Total DOS

— Fe-d

— 0-p

Density Of States (states/eV)

Energy (eV)

Figure 6: FeO projected DOS calculated with (a) PBE and
(b) PBE+U (b). One can see the gap opening once using the
Hubbard U correction.

d spherical harmonics of Fe atoms and the p states of O
atoms. One can also see the direct f/}(] ¢ action in Figure
as the gap opened, if compared with the PBE DOS [].
Therefore, PBE alone is not able to capture a strong
correlation effect due to the d states in Fe atoms [44].
When adequately treated with an on-site interaction U
on the d electrons, the experimental GS is captured.
The FeO ground state corresponds to the global
minimum of the DFT+U energy functional, which
can be reached when orbital occupational symmetry
breaking is allowed. In contrast, calculations performed
without breaking this symmetry often converge to a
higher-energy local minimum, leading to a metallic
solution. However, when orbital occupational symmetry
breaking is allowed—without changing the underlying
Hamiltonian—the system is able to explore a broader
region of the functional landscape and reach a lower-
energy configuration, which better describes the true
ground state of FeO. As discussed by Matteo Cococcioni

DOI: https://doi.org/10.1590/1806-9126-RBEF-2025-0340



Rivera et al.

and Stefano de Gironcoli [26], introducing symmetry
breaking based on physical insight can guide the system
away from metastable solutions and toward deeper min-
ima of the same energy functional, potentially yielding
more accurate representations of correlated materials
like FeO.

We can also compare these results with hybrid func-
tional results reported by Meng et al. [8]. In their work,
for FeO, using 0.25, 0.15, and 0.1 fractions of exact
exchange, the calculated bandgaps were 2.32, 0.38, and
0.14 eV, respectively. Hybrid functionals, however, come
with a much higher computational cost due to their non-
local exact Fock exchange integral.

5. Conclusions

In this study, we explored the treatment of FeO, a Mott
insulator, using DFT and the DFT+U approaches. Our
results indicate that the PBE+U method significantly
improves the accuracy of magnetic moments on Fe
atoms and correctly predicts the insulating ground state
of FeO, both qualitatively and quantitatively. While
standard PBE yielded slightly better results for the
lattice parameter, this does not suggest any substantial
advantage of PBE for such systems. The improved
description of electronic and magnetic properties by
PBE-+U underscores its necessity for accurately mod-
eling Mott insulators.

Nevertheless, the use of DFT+U must be approached
with great caution. As discussed, an inappropriate choice
of the U parameter can actually degrade the quality
of the calculation, even compared to standard PBE
results, depending on the selected value. Therefore,
while DFT+U is often a good choice for describing the
electronic and magnetic properties of strongly correlated
materials, its reliability strongly depends on the chosen
U and, consequently, on the methodology used to deter-
mine this value.

Through this study, we have shown that the Hub-
bard U correction, when applied within the framework
of density functional theory, is an important method,
besides others like DFT+DMFET or GW, that captures
the essential physics of strongly correlated materials.
Both DFT4+DMFT and GW rely on post-processing
methods that involve constructing Green functions from
DFT output data, and are considerably more expensive
in terms of computational cost [45, [46]. This work
also serves as an educational resource, highlighting
the importance of DFT+U in accurately simulating
systems similar to FeO and emphasizing the limitations
of conventional DFT approaches for strongly correlated
systems.
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A. Hohenberg and Kohn theorems and
KS approach

DFT provides an efficient approach to calculate the total
GS energy as stated in equation It is possible to
calculate all GS properties of any system through DFT
formalism[5), [7], [13].

The success of DFT is founded on the Hohenberg-
Kohn (HK) theorems. The first theorem guarantees the
existence of an unambiguous relationship between the
external potential “felt” by electrons and the electronic
density in the GS. It can be stated as:

3. In the GS, the external potential ve.:(7) is
uniquely determined by the GS electronic density

no(r).

Thereby, in DFT, the GS electronic density no(r) goes
from an observable to a key object, and all properties are
fully described once you have determined ng(r). Albeit
there is a connection between ng(r) and ve,:(r), we still
need to find how this relationship can be expressed and
determined quantitatively. The second HK theorem gives
a hint on how we can connect 1o (7) and vey ().

2t. The GS energy is the global minimal of the
functional E[n(r)], and the density no(r) that
minimizes F is the GS electronic density.

From a classical electrodynamics perspective, one can
calculate the potential energy (F,) of a point charge ¢
in an electrostatic potential v(r) by [I4]:

E,=q-v(r), (A.1)

analogously, the potential energy of a charge density
n(r) due to an external potential ve,.(r) is given by:

E,, . [n(r)] = /d3r n(r)vegt (1), (A.2)
which is an energy functional of the electronic density,
but it exclusively computes the energy associated with
the external potential. We need to construct an energy
functional that determines the total energy to use
theorem 22. Within this framework, Kohn and Sham pro-
posed a functional (Kohn-Sham Ansatz), which consists
of introducing a non-interacting auxiliary system with
the same GS electron density of the original interacting
system [5], [20], but not necessarily the same wavefunc-
tion. In this way, it is possible to separate the total
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energy into a universal non-interacting term F[n(r)]
plus a coupling term between the auxiliary system and
the specific surroundings, veg: (7). This approach is now
known as KS-DFT [47].

The total energy functional of this system is expressed
as [5} [13] 20]:

E[n(r)] = Fn(r)] + /d3r n(r) Vegt (1), (A.3)
where F' represents the universal auxiliary system
energy functional, and the integral is the coupling term.
Expanding F[n(r)]:

Fln(r)] = Tln(r)l + Euln(r)] + Excn(r)],  (A4)

T is the independent-particle kinetic energy, Ey is the
Hartree interaction energy, and Ex¢ is the Exchange
and Correlation energy. KS-DFT framework is an exact
approach [5 [13]. As discussed in section [2| the exact
mathematical form of Fx¢ is unknown, and its approxi-
mations are what make KS-DFT an effective many-body
mean field theory [20], [36] [48].

After building a useful functional and applying the
second theorem to it, we end up with a set of coupled
equations known as the Kohn-Sham (KS) equations [5]
13| 20]. They are explicitly written below:

—%V2 +vepp(r)| ¢i(r) = €0i(r), (A.5)
with
Vesf(T) = Veat (1) + va () + vx0(T)
where wv..; is the external potential, vy is the

Hartree potential and vxe = dExc/on(r) is the XC
potential [13].

Clearly, the KS equations are eigenvalues/eigenvectors
coupled equations and solving them gives us the KS
orbitals ¢; and the Lagrange multipliers (eigenvalue
spectrum) ¢; [I3]. Their significance is not as straightfor-
ward as the Schrédinger equation. We can think of the
KS orbitals as being a first-order approximation to the
electron states in a real material, and the eigenvalues as
being a first-order approximation to the energy spectrum
of the real interacting many-body system [5 [13].

Data Availability

Data sets generated during the current study are avail-
able from the corresponding author upon reasonable
request.
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