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Abstract:

Spatial interpolation of categorical variables is a challenge in geosciences and other applied fields, especially 
when attempting to predict categories in unsampled locations. In this study, we evaluated the performance of 
generalized multiquadric radial basis functions (GM RBFs) in the interpolation of categorical variables, considering 
different parameters (a and b), local neighborhoods (k neighbors), and number of categories (2, 4, and 8). 
Simulated scenarios with 200 points in a two-dimensional grid were used to control the distribution of categories, 
allowing the comparison of 12 versions of the GM RBFs using metrics such as accuracy, mean of F1 score, and 
global variance (GV). The results showed that the best performance occurred for local neighborhoods (k = 10), 
with a parameter values ​​close to zero. For two or four categories, b = 0 presented the best results, while for eight 
categories, b = -1 was more efficient. Increases in the number of categories increased GV and reduced accuracy, 
demonstrating greater complexity in spatial prediction. The results reinforce the importance of adjusting RBF 
parameters and the number of neighbors according to the context, in addition to highlighting the impact of the 
number of categories and data imbalance on the interpolation efficiency.
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1. Introduction

Spatial interpolation methods have been widely used to generate maps of the spatial distribution of variables, 
by predicting values at unsampled locations from collected data. There are many approaches to spatial interpolation, 
including the kriging, the inverse distance weighted (IDW), the nearest neighbor, and the multiquadric equation 
methods (Yamamoto and Landim 2013).

Multiquadric equations allow the interpolation of both quantitative (Yamamoto 2002) and qualitative 
variables (Yamamoto et al. 2012). Interest in studying qualitative (or categorical) variables in a spatial context is 
quite common (Costa et al 2019; Jorreto-Zaguirre et al 2020; Cima et al. 2021; Mancell and Deutsch 2021; Zhang, Li, 
Zhang 2021; Dinda, Samanta and Chakravarty 2022; Madani, Maleki and Soltani-Mohammad 2022; Minniakhmetov 
and Dimitrakopoulos 2022; Sanchez and Deutsch 2022; Tsekeris, Zhang and Deutsch 2023; Zhang et al 2023; Zhang 
et al 2024; Santos et al 2025).

The multiquadric equations method uses radial basis functions (RBFs) to generate weights from interpolation 
distances. Spatial interpolation using RBFs emerged in the 1970s with the proposal of using multiquadric equations 
to represent surfaces from data points (Hardy 1971). According to Yamamoto et al. (2012), interpolation by 
multiquadric equations is more efficient for mapping qualitative data, compared to traditional methods, such as 
kriging. However, sequential indicator simulation (Yamamoto et al. 2015; Jorreto-Zaguirre et al 2020; Madani 2022; 
Madani, Maleki and Soltani-Mohammad 2022; Mizuno and Deutsch 2022), distance-based methods (Silva 2015; 
Rolo et al. 2017) or k-nearest neighbors (KNN) algorithms (Grossenbacher, 2018; Santos et al 2025) are also good 
alternatives for mapping categorical data.

Multiquadric equations were used by Costa et al. (2019) to map pest occurrence categories in irrigated rice 
crops in southern Brazil. Cima et al. (2021) used multiquadric equations to interpolate static warehouse capacity 
categories in an agricultural season in the state of Paraná. From a theoretical perspective, Yamamoto et al. (2014) 
evaluated post-processing methods to reduce uncertainty in the prediction of categorical variables, with multiquadric 
equations, in Geology.

However, there are still significant gaps in the literature regarding which RBF is the most efficient for different 
numbers of categories. The lack of comprehensive comparative studies evaluating the relative performance of RBFs 
in different interpolation scenarios limits the ability of researchers and practitioners to make informed choices. Thus, 
the objective of the current work is to evaluate the performance of generalized multiquadric radial basis functions 
(GM RBFs), varying the parameters and the number of neighbors in the interpolation of categorical variables with 
different numbers of categories (2, 4, and 8 categories), based on criteria such as the accuracy and agreement 
between the observed values and the predicted values. Based on this analysis, we seek to provide clear guidelines 
for choosing the most appropriate RBF, contributing both to the theoretical advancement of the area and to more 
efficient and precise practical applications.

This study goes beyond previous works by providing a comparative evaluation of GM RBFs performance under 
different parameter configurations, neighborhood sizes, numbers of categories and unbalanced categories, aiming 
to establish practical guidelines for categorical spatial interpolation.

2. Spatial interpolation of categorical variables using multiquadric equations 

According to Yamamoto et al. (2012), RBFs are a promising method for interpolating categorical variables. The 
proposed methodology transforms categorical variables into indicator functions, which are interpolated and then 
retransformed, with emphasis on the use of the multiquadric kernel, which provides non-singular matrices and high 
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precision, as evidenced by Franke (1982). Furthermore, an important difference is the inclusion of interpolation 
variance, which allows mapping zones of uncertainty in transitions between categories (Yamamoto et al. 2012).

To perform spatial interpolation, first, the categorical variable Z, with K categories (C1, C2, …CK), is transformed 
into K indicator variables as follows:

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

The k-th indicator variable is defined as:

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

The indicator variable of the k-th category [I(k)] has expectation and variance given by, respectively:

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

                                                                                     (1)

and

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

                                                                              (2)

In which pk is the probability of occurrence of the k-th category.

Subsequently, interpolation is performed, using multiquadric equations, for each of the K indicator variables, 
at point x0, using the following expression (Yamamoto et al. 2012; Yamamoto and Landim 2013):

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

                                                                        (3)

in which I(xi; k) is the value of the indicator variable of the k-th type (k = 1, 2, ..., K), at point xi and wi is the i-th 

weight (i = 1, 2, ..., n). The weights wi must satisfy the condition 

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

.

The weights wi are obtained from the solution of a system of linear equations in the form (Yamamoto and 
Landim 2013):

{
 
 

 
 ∑𝑤𝑤𝑗𝑗𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑗𝑗=1
= 𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥0),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑗𝑗 = 1
𝑛𝑛

𝑗𝑗=1

                                                 (4)

ϕ(.) is the radial basis function and µ is the Lagrange multiplier.

To avoid negative weights, the algorithm proposed by Rao and Journel (1997) is implemented, in which a 
constant equal to the module of the largest negative weight is added to all weights, which are then recalculated to 
result in a sum equal to 1.

The RBFs most commonly used in the literature, according to Yamamoto (2002), are presented below:

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

                                                                                  (5)

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

                                                                                   (6)
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𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

                                                         (7)

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

                                                                            (8)

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

                                                                        (9)

in which h is the Euclidean distance between two points in two-dimensional space, and a (a ≥ 0), b (b = -1, 0, 
1, …) and c (c > 0) are constants.

An advantage of interpolation using multiquadric equations is that it guarantees the property of total 

probability, since 

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

 (Yamamoto and Landim 2013).

Finally, the predicted category at point x0, called kmax, is obtained by 

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

, since 

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

. This prediction is obtained based on the suggestion of Teng and 
Koike (2007), in which the highest value of the indicator is interpreted as the most likely categorical type.

It is possible to show that the linear and cubic RBFs are particular cases of the generalized multiquadric RBF, 
with a = 0, when we have b = 0 and b = 1, respectively. In the case of considering a = 0 and b = 0, we have:

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

While, in the case where a = 0 and b = 1, we have:

𝑍𝑍(𝑥𝑥𝑖𝑖) =

{
  
 

  
 𝐶𝐶1 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 1) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶1
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶1

𝐶𝐶2 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 2) = {
0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶2
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶2

⋮
𝐶𝐶𝐾𝐾 ,    →   𝐼𝐼(𝑥𝑥𝑖𝑖; 𝐾𝐾) = {

0,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) ≠ 𝐶𝐶𝐾𝐾
1,    𝑖𝑖𝑖𝑖 𝑍𝑍(𝑥𝑥𝑖𝑖) = 𝐶𝐶𝐾𝐾

 

𝐼𝐼(𝑘𝑘) = { 1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
0, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑘𝑘 − 𝑡𝑡ℎ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝐸𝐸(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘  

𝑉𝑉(𝐼𝐼(𝑘𝑘)) = 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝𝑘𝑘) 

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) =∑𝑤𝑤𝑖𝑖. 𝐼𝐼(𝑥𝑥𝑖𝑖; 𝑘𝑘)
𝑛𝑛

𝑖𝑖=1
 

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1
 

{
 
 

 
 ∑𝑤𝑤𝑖𝑖𝜙𝜙(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗) + 𝜇𝜇

𝑛𝑛

𝑖𝑖=1
= 𝜙𝜙(𝑥𝑥0 − 𝑥𝑥𝑗𝑗),   𝑓𝑓𝑓𝑓𝑓𝑓 𝑗𝑗 = 1, 2, … , 𝑛𝑛

∑𝑤𝑤𝑖𝑖 = 1
𝑛𝑛

𝑖𝑖=1

 

𝜙𝜙(ℎ)𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 = |ℎ| 

𝜙𝜙(ℎ)𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = |ℎ|3 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2  

𝜙𝜙(ℎ)𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = |ℎ|2𝑙𝑙𝑙𝑙𝑙𝑙|ℎ| 

𝜙𝜙(ℎ)𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑐𝑐|ℎ|2) 

∑𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘) = 1
𝐾𝐾

𝑘𝑘=1
 

𝑍𝑍(𝑥𝑥0) = 𝐶𝐶𝑘𝑘𝑚𝑚á𝑥𝑥  

𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼∗𝑀𝑀𝑀𝑀(𝑥𝑥0; 𝑘𝑘), 𝑘𝑘 = 1, 2, … , 𝐾𝐾) 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(0)+1
2 = (|ℎ|2)

1
2 = |ℎ| 

𝜙𝜙(ℎ) = (𝑎𝑎 + |ℎ|2)
2𝑏𝑏+1
2 = (0 + |ℎ|2)

2(1)+1
2 = (|ℎ|2)

3
2 = |ℎ|3 

Thus, it can be seen that the results obtained by linear RBF or by GM RBF with a = 0 and b = 0 are the same. 
Similarly, the results of cubic RBF and GM RBF with a = 0  and b = 1 are the same. 

3. Material and Methods

3.1 Simulation of scenarios

To compare the radial basis functions, three simulated scenarios are proposed. The first scenario considers 
two categories, the second scenario has four categories, and the third scenario consists of eight categories. In all 
scenarios, there are 200 observations in two-dimensional space. Figure 1 shows the locations of the simulated 
samples and the number of observations in the categories for each of the three scenarios.

4Radial basis functions applied to the spatial interpolation of categorical variables...
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Figure 1: Simulated scenarios with two categories (a), four categories (b), and eight categories (c), and the number 
of points for the categories in the scenarios (d).

3.2 Evaluation criteria

The data in each scenario were separated into a training set (160 observations => 80%) and a validation set 
(40 observations => 20%). Thus, the RBFs were trained with 160 observations and validated with 40 observations.

In the current study, generalized multiquadric (GM) RBFs will be considered. To compare the RBFs, the 
following values for the constants a and b will be considered: a = (0, 5, 50, 500); b = (-1, 0, 1). Thus, the generalized 
multiquadric RBFs will have 12 versions.

To compare the RBFs, three criteria are used based on the validation data:

i)	 Accuracy value obtained from the confusion matrix.

ii)	 F1 (mean) score obtained from the confusion matrix.

iii)	Global variance.

The confusion matrix is obtained through a two-way matrix, in which the rows indicate the observed categories 
in each scenario and the columns indicate the categories predicted by interpolation in each scenario.

Accuracy is obtained by the expression:

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =
∑ 𝑛𝑛𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑛𝑛  

𝑛𝑛 = ∑ 𝑛𝑛𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖

 

𝐹𝐹1𝑙𝑙 =
2 .  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 .  𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 + 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖
 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 = 𝑛𝑛𝑖𝑖𝑖𝑖
𝐶𝐶𝑗𝑗

 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖 = 𝑛𝑛𝑖𝑖𝑖𝑖
𝑅𝑅𝑖𝑖

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑜𝑜𝑜𝑜 𝐹𝐹1 =
∑ 𝐹𝐹1𝑙𝑙

𝐿𝐿
𝑙𝑙=1

𝐿𝐿  

𝐺𝐺𝐺𝐺 = ∑ 𝑝̂𝑝𝑘𝑘(1 − 𝑝̂𝑝𝑘𝑘)
𝐾𝐾

𝑘𝑘=1
 

𝑝̂𝑝𝑘𝑘 = 𝑛𝑛𝑘𝑘
𝑚𝑚  

1 − 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑝̂𝑝) 

                                                                              (10)

in which nii is the element of the main diagonal of the confusion matrix and 

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =
∑ 𝑛𝑛𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑛𝑛  

𝑛𝑛 = ∑ 𝑛𝑛𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖

 

𝐹𝐹1𝑙𝑙 =
2 .  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 .  𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 + 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖
 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 = 𝑛𝑛𝑖𝑖𝑖𝑖
𝐶𝐶𝑗𝑗

 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖 = 𝑛𝑛𝑖𝑖𝑖𝑖
𝑅𝑅𝑖𝑖

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑜𝑜𝑜𝑜 𝐹𝐹1 =
∑ 𝐹𝐹1𝑙𝑙

𝐿𝐿
𝑙𝑙=1

𝐿𝐿  

𝐺𝐺𝐺𝐺 = ∑ 𝑝̂𝑝𝑘𝑘(1 − 𝑝̂𝑝𝑘𝑘)
𝐾𝐾

𝑘𝑘=1
 

𝑝̂𝑝𝑘𝑘 = 𝑛𝑛𝑘𝑘
𝑚𝑚  

1 − 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑝̂𝑝) 

 is the total number 

of elements in the confusion matrix. Accuracy ranges from 0 to 1; the closer to 1, the more accurate the prediction 
by spatial interpolation.

The l-th F1 score is obtained from the expression:

5 Lima and Seidel
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𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =
∑ 𝑛𝑛𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑛𝑛  

𝑛𝑛 = ∑ 𝑛𝑛𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖

 

𝐹𝐹1𝑙𝑙 =
2 .  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 .  𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 + 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖
 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗 = 𝑛𝑛𝑖𝑖𝑖𝑖
𝐶𝐶𝑗𝑗

 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖 = 𝑛𝑛𝑖𝑖𝑖𝑖
𝑅𝑅𝑖𝑖

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑜𝑜𝑜𝑜 𝐹𝐹1 =
∑ 𝐹𝐹1𝑙𝑙

𝐿𝐿
𝑙𝑙=1

𝐿𝐿  

𝐺𝐺𝐺𝐺 = ∑ 𝑝̂𝑝𝑘𝑘(1 − 𝑝̂𝑝𝑘𝑘)
𝐾𝐾

𝑘𝑘=1
 

𝑝̂𝑝𝑘𝑘 = 𝑛𝑛𝑘𝑘
𝑚𝑚  

1 − 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑝̂𝑝) 

                                                                     (11)

in which the j-th precision value is 

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =
∑ 𝑛𝑛𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑛𝑛  

𝑛𝑛 = ∑ 𝑛𝑛𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖

 

𝐹𝐹1𝑙𝑙 =
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in which L = I = J (number of rows or number of columns).
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 is the proportion of interpolated points of the k-th category, nk is the number of interpolated 
points of the k-th category, and m is the total number of points in the interpolation grid.

Finally, the GM RBF that presents the best values for criteria i), ii), and iii) will be considered the most efficient. 
All routines were written in R language. (R Core Team 2021).

3.3 Application to real data

To demonstrate the applicability of spatial interpolation with the most efficient GM RBF, MapBiomas data are 
used to model the categorical variable land cover. The data are available in the MapBiomas platform (https://brasil.
mapbiomas.org/), Brazil. A total of 197 georeferenced samples of land cover classes were collected in a regular 
grid for the year 2024 in an area near the city of Macapá – AP, Brazil. There were 42 samples from class 3 (forest 
formation), 25 samples from class 6 (flooded forest), 6 samples from class 11 (flooded field), 7 samples from class 
24 (urban area), and 117 samples from class 33 (water). Figure 2 shows the sampling grid of land cover classes.

Figure 2: Sampling grid of land cover classes, in the year 2024, in the Macapá region – AP, Brazil.
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4. Results and Discussion

4.1 Analysis of the simulated scenarios

Table 1 presents the accuracy, and mean of F1 values for the 12 versions of GM RBFs for 2, 4, and 8 categories. 
The best performance, in the first scenario (with 2 categories), is obtained for the GM RBFs with any a and b and 
for k = 10 neighbors (local neighborhood), having the highest accuracy and mean of F1 values. A mean of F1 value 
of 0.974 (based on the confusion matrix for 2 categories in Figure 3, Appendix) indicates a similarity between the 
observed values and the values predicted by spatial interpolation.

It can be identified that only one sample point was not correctly interpolated (accuracy=39/40=0.975), 
demonstrating the efficiency of the method in the simplest situation of interpolation of categorical variables 
(2 categories).

Table 1: Accuracy, and Mean of F1 for the 12 versions of the generalized multiquadric radial basis functions, for 
k = 10 and k = 100 neighbors, in the spatial interpolation for 2, 4, and 8 categories in the validation set.

Scenarios Metrics a b k = 100
(Global)

k = 10
(Local)

I (2 categories) Accuracy 0 -1 0.875 0.975
Mean of F1 0 -1 0855 0.974

Accuracy 0 0 0.950 0.975
Mean of F1 0 0 0.947 0.974

Accuracy 0 1 0.850 0.975
Mean of F1 0 1 0.835 0.974

Accuracy 5 -1 0.950 0.975
Mean of F1 5 -1 0.947 0.974

Accuracy 5 0 0.875 0.975
Mean of F1 5 0 0.860 0.974

Accuracy 5 1 0.825 0.975
Mean of F1 5 1 0.804 0.974

Accuracy 50 -1 0.850 0.975
Mean of F1 50 -1 0.829 0.974

Accuracy 50 0 0.825 0.975
Mean of F1 50 0 0.804 0.974

Accuracy 50 1 0.825 0.975
Mean of F1 50 1 0.804 0.974

Accuracy 500 -1 0.825 0.975
Mean of F1 500 -1 0.804 0.974

Accuracy 500 0 0.825 0.975
Mean of F1 500 0 0.804 0.974

Accuracy 500 1 0.825 0.975
Mean of F1 500 1 0.804 0.974

Continue...
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Scenarios Metrics a b k = 100
(Global)

k = 10
(Local)

II (4 categories) Accuracy 0 -1 0.425 0.800
Mean of F1 0 -1 0.367 0.811

Accuracy 0 0 0.775 0.850
Mean of F1 0 0 0.791 0.863

Accuracy 0 1 0.600 0.800
Mean of F1 0 1 0.587 0.816

Accuracy 5 -1 0.800 0.825
Mean of F1 5 -1 0.816 0.839

Accuracy 5 0 0.600 0.850
Mean of F1 5 0 0.587 0.863

Accuracy 5 1 0.550 0.800
Mean of F1 5 1 0.519 0.816

Accuracy 50 -1 0.600 0.825
Mean of F1 50 -1 0.587 0.845

Accuracy 50 0 0.525 0.825
Mean of F1 50 0 0.497 0.835

Accuracy 50 1 0.500 0.775
Mean of F1 50 1 0.473 0.793

Accuracy 500 -1 0.475 0.825
Mean of F1 500 -1 0.446 0.835

Accuracy 500 0 0.475 0.800
Mean of F1 500 0 0.446 0.811

Accuracy 500 1 0.450 0.775
Mean of F1 500 1 0.415 0.793

III (8 categories) Accuracy 0 -1 0.400 0.850
Mean of F1 0 -1 0.145 0.864

Accuracy 0 0 0.650 0.825
Mean of F1 0 0 0.584 0.813

Accuracy 0 1 0.400 0.800
Mean of F1 0 1 0.145 0.805

Accuracy 5 -1 0.775 0.825
Mean of F1 5 -1 0.755 0.813

Accuracy 5 0 0.450 0.825
Mean of F1 5 0 0.296 0.813

Accuracy 5 1 0.400 0.825
Mean of F1 5 1 0.145 0.848

Accuracy 50 -1 0.400 0.850
Mean of F1 50 -1 0.145 0.866

Accuracy 50 0 0.400 0.800
Mean of F1 50 0 0.145 0.798

Table 1: Continuation.
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Scenarios Metrics a b k = 100
(Global)

k = 10
(Local)

III (8 categories) Accuracy 50 1 0.400 0.775
Mean of F1 50 1 0.145 0.780

Accuracy 500 -1 0.400 0.800
Mean of F1 500 -1 0.145 0.798

Accuracy 500 0 0.400 0.800
Mean of F1 500 0 0.145 0.798

Accuracy 500 1 0.400 0.775
Mean of F1 500 1 0.145 0.780

Table 1: Continuation.

In the second scenario (with 4 categories), the best performance is obtained for the GM RBF with a = 0 or a = 
5 and b = 0, having an accuracy of 0.850 and mean of F1 value equal to 0.863 (based on the confusion matrix for 4 
categories in Figure 3, Appendix), showing high similarity between the observed and predicted values.

Considering GM RBF with a = 0 and b = 0, for k = 10 neighbors, in the spatial interpolation of the variable with 
4 categories, only 6 points were interpolated into the wrong categories. The 0.850 accuracy represents 87.18% of 
the 0.975 accuracy of the first scenario, indicating that doubling the categories of the variable results in a 12.82% 
decrease in spatial interpolation accuracy.

In the scenario III (with 8 categories), the best performance is obtained for the GM RBF with a = 0 or a = 50 
and b = -1, generating accuracy value of 0.850 (based on the confusion matrix for 8 categories in Figure 3, Appendix). 
The means of F1 are 0.866 and 0.864 for the GM RBF with a = 50 and a = 0, respectively, and b = -1, indicates a high 
similarity between the observed values and the values predicted by spatial interpolation.

For GM RBF with a = 0 and b = -1, for k = 10 neighbors, only 6 points were interpolated into the wrong 
categories. It can be seen that, when increasing the number of categories of the variable from 2 to 8, there is a 
12.82% decrease in the accuracy of spatial interpolation. However, when increasing from 4 to 8 categories, there is 
no decrease in accuracy.

Figure 4 shows the spatial interpolations, and associated uncertainties, for the three simulated scenarios. The 
associated uncertainty was obtained by 
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𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑜𝑜𝑜𝑜 𝐹𝐹1 =
∑ 𝐹𝐹1𝑙𝑙

𝐿𝐿
𝑙𝑙=1

𝐿𝐿  

𝐺𝐺𝐺𝐺 = ∑ 𝑝̂𝑝𝑘𝑘(1 − 𝑝̂𝑝𝑘𝑘)
𝐾𝐾

𝑘𝑘=1
 

𝑝̂𝑝𝑘𝑘 = 𝑛𝑛𝑘𝑘
𝑚𝑚  

1 − 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑝̂𝑝) . An increase in uncertainty (variability) is evident as the 
number of categories to be interpolated increases. Interpolation at the boundaries between categories becomes 
less accurate for more categories.

Cartographic products (interpolation maps) discussed without explicit information on uncertainty can lead to 
misinterpretations and convey a false sense of accuracy (Lindi et al. 2024; Adediran et al. 2025). Thus, presenting 
the associated uncertainty allows for quantifying the local ambiguity of the classification, contributing to a more 
accurate interpretation of the results.
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Figure 4: Maps of spatial interpolations for 2 categories [a = 0, b = 0, k = 10] (a), 4 categories [a = 0, b = 0, k = 10] 
(b), and 8 categories [a = 0, b = -1, k = 10] (c), with associated uncertainties.

Yamamoto et al. (2012) and Costa et al. (2019) used GM RBFs with a = 0 and b = 0. Bayona et al. (2011) and 
Yamamoto et al. (2014) recommend using small values of a (close to zero), as these generate greater interpolation 
efficiency. These studies corroborate the findings of the current article, where MG RBFs with a = 0 showed good 
results. For 2 and 4 categories, b = 0 yielded better results, while for 8 categories, b = -1 yielded better results. This 
indicates that the same RBF will not necessarily be best in all scenarios and applications. However, in practice, it is 
more common to use b = 0 (Yamamoto et al. 2012; Yamamoto et al. 2014).

The best accuracy and mean of F1 results were obtained with k = 10 neighbors (local neighborhood) compared 
to k = 100 neighbors (global neighborhood). The use of a local neighborhood was also indicated as more appropriate 
by Yamamoto et al. (2014), who suggest using 4 to 12 neighbors in the interpolation.

It is important to note that the scenarios considered include some categories with different numbers of 
observations (unbalanced categories, as frequently observed in applications with real data), a fact that can harm 
spatial interpolations, which is still little explored in the literature with interpolations using RBFs. According to 
Yamamoto et al. (2012), categories with few observations can harm spatial modeling. Data imbalance is addressed, 
in the context of learning from data, most notably in He and Garcia (2009), who show that minority classes tend to 
demonstrate lower performance in predictions.

Furthermore, it is observed that the maximum values of accuracy and mean of F1 decrease as the number 
of categories increases, indicating that the efficiency of prediction by spatial interpolation tends to decrease for 
variables with many categories. This effect is consistent with observations in machine learning, where algorithms 
exhibit reduced performance for underrepresented classes in multiclass scenarios (He and Garcia 2009). However, 
further studies must be developed to identify how this efficiency decreases or which number of neighbors is more 
appropriate as the number of categories of variables to be interpolated increases.
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Another important aspect is that global variance (GV) values, showed in Table 2 (Appendix), tend to increase 
as the number of categories of the variable increases, indicating greater heterogeneity and lower precision in spatial 
interpolation, as it becomes more difficult to separate more categories into neighboring areas. Thus, as GV increases, 
accuracy and the mean of F1 decrease.

Multiquadric equations may offer advantages for interpolating categorical data, particularly in situations 
where variogram modeling becomes unreliable. As highlighted by Yamamoto et al. (2012), a fundamental 
limitation of indicator kriging is the need to model a semivariogram for each category. When some categories are 
underrepresented, the corresponding indicator semivariograms may be poorly defined due to the limited number 
of data pairs, leading to unstable or unreliable estimates. In such cases, multiquadric approaches provide a practical 
alternative by avoiding the need for variogram modeling.

4.2 Spatial interpolation of the land cover

Figure 5 presents the predicted categories of land cover and associated uncertainties, using GM RBF with 
a = 0 and b = 0 for k = 10 neighbors (local neighborhood). There is a predominance of the classes water (code 
33), forest formation (code 3), and flooded forest (code 6).

The uncertainty is greater in the transition regions between land cover categories. In addition, the average 
uncertainty was 0.12 and the maximum uncertainty was 0.74. Another important observation is that the land 
cover has unbalanced categories, with different amounts of data per category, a fact that can harm the efficiency 
of spatial interpolation.

Figure 5: Spatial interpolation and associated uncertainty of land cover categories.

The application of the spatial interpolation method to MapBiomas data showed the maintenance of dominant 
spatial patterns, without the introduction of significant artificial fragmentation. The area of study is shown in Figure 6 
(Appendix). Here, the intention was not to reassess performance, but to demonstrate the operability of the method 
in a real-world scenario with a complex spatial pattern.

Different spatial interpolation methods are applied to categorical data (Zhang, Li, Zhang 2021; Dinda, 
Samanta and Chakravarty 2022; Madani 2022; Madani, Maleki and Soltani-Mohammad 2022; Minniakhmetov 
and Dimitrakopoulos 2022; Zhang et al 2023; Zhang et al 2024), highlighting methodological challenges, and thus 
remaining a topic of constant discussion in the literature (Santos et al 2025).

Despite the contributions of this study, some limitations should be acknowledged. First, the simulated 
scenarios were based on regular sampling grids and relatively simple spatial structures, which may not fully 
represent the complexity of real-world datasets. Second, the application to real data was restricted to a single study 
area, which may limit the generalization of the results. Third, although the presence of unbalanced categories was 
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observed and discussed, its effects on interpolation performance were not systematically evaluated. Future studies 
should address these aspects by considering more complex spatial patterns, different sampling designs, data with 
more categories, and a broader range of real datasets.

5. CONCLUSION

The current work evaluated the use of radial basis functions (RBFs) for the spatial interpolation of categorical 
variables in simulated scenarios and in land cover data from MapBiomas. The main objective was to identify the influence 
of the generalized multiquadric (GM) RBF parameters (a and b), number of neighbors (k), and number of categories of 
the variable, on the interpolation performance, considering metrics such as accuracy, F1-score, and global variance.

The results showed that GM RBFs with a = 0 performed best in all scenarios. The b parameter demonstrated 
behavior dependent on the number of categories: for two and four categories, b = 0 was most appropriate, while 
for eight categories, the best performance occurred with b = -1. In all cases, interpolation with local neighborhoods 
(k = 10 neighbors) outperformed global neighborhoods (k = 100), indicating that the choice of k is crucial to reduce 
errors and improve interpolation stability. Furthermore, we observed that the accuracy and mean of F1 decreased 
with increasing numbers of categories and global variances, highlighting the additional complexity imposed by 
greater category diversity.

The findings of the current study reinforce the potential of RBFs for spatial interpolation of categorical 
variables, highlighting the importance of adjusting the function parameters and number of neighbors according to 
the context. The results can guide professionals in geological mapping, soil classification, and environmental and 
climate applications that use categorical datasets, offering practical guidelines for applying the method to real data.

Future perspectives include expanding the analysis to scenarios with highly imbalanced categories, testing 
other RBFs, and comparing performance with other methods, such as indicator kriging, sequential indicator 
simulated, signed distance and machine learning methods.
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APPENDIX

Figure 3: Confusion matrices for 2 (a = 0, b = 0 and k = 10), 4 (a = 0, b = 0 and k = 10) and 8 (a = 0, b = -1 and  
k = 10) categories.

Table 2: Global variance (GV) for the 12 versions of the generalized multiquadric radial basis functions, for k = 
10and k = 100 neighbors, in the spatial interpolation for 2, 4, and 8 categories in the validation set.

Scenarios a b k = 100 
(Global)

k = 10
(Local)

I (2 categories) 0 -1 0.375 0.480
0 0 0.469 0.480
0 1 0.439 0.480
5 -1 0.469 0.480
5 0 0.420 0.480
5 1 0.420 0.480

50 -1 0.399 0.480
50 0 0.420 0.480
50 1 0.420 0.480

500 -1 0.420 0.480
500 0 0.420 0.480
500 1 0.420 0.480

II (4 categories) 0 -1 0.304 0.694
0 0 0.656 0.708
0 1 0.489 0.719
5 -1 0.674 0.694
5 0 0.489 0.708
5 1 0.429 0.719

50 -1 0.489 0.690
50 0 0.401 0.708
50 1 0.371 0.708

500 -1 0.339 0.708
500 0 0.339 0.694
500 1 0.304 0.708

Continue...
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Scenarios a b k = 100 
(Global)

k = 10
(Local)

III (8 categories) 0 -1 0.489 0.821
0 0 0.748 0.831
0 1 0.489 0.830
5 -1 0.800 0.831
5 0 0.536 0.831
5 1 0.489 0.831

50 -1 0.489 0.824
50 0 0.489 0.811
50 1 0.489 0.820

500 -1 0.489 0.811
500 0 0.489 0.811
500 1 0.489 0.820

Table 2: Continuation.

Figure 6: MapBiomas study area.
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