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ABSTRACT
Our objective in this article was to verify which models for the Value at Risk 
(VaR), among those that do not consider conditional volatility (Extreme 
Values Theory and the traditional Historical Simulation), and those that do 
consider it (GARCH and IGARCH), are adequate for the main index of 
the Brazilian stock market, the IBOVESPA. For this purpose, backtesting of 
adherence and the independence of first and higher orders were implemented 
for the four models mentioned, over forecast horizons of 1 and 10 days. 
The contribution is based on a the more rigorous criteria than those used 
in the literature for validating VaR models, as we performed backtesting for 
violation independence of higher orders on forecast horizons of 10 days. 
The results show that only GARCH family models were adequate. Thus, 
it is recommended to entities of the National Financial System that keep 
relevant positions in the Brazilian stock market, the utilization of internal risk 
models based on conditional volatility, in order to minimize the occurrence 
of violation clusters.
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1. INTRODUCTION
The objective of this article was to verify which models for Value at Risk (VaR), among those 

that consider and do not consider the conditional volatility of returns, are suitable for the main 
index of the Brazilian stock market, the IBOVESPA. Herein, conditional volatility is understood 
as the conditional variance of IBOVESPA returns. The term conditional variance indicates that 
this variance, at a given instant of time, can be modeled as a variable which is dependent of 
covariates such as the variances of past instants.

The literature on the subject has directed its efforts to the testing of different models for the 
VaR, considering in addition to the adherence (unconditional coverage), the independence of 
their violations (conditional coverage). The latter has become an important concern not only for 
managers of financial institutions, but also for regulatory bodies in the international environment, 
since the occurrence of clusters of violations (large unprovisioned losses occurred in succession) 
can lead to the bankruptcy of these institutions and the risk of a systemic financial market crisis 
(Christtoffersen & Pelletier, 2004). For other entities of the National Financial System, such 
as investment funds, pension funds and insurance companies, which have significant portions 
of the investments of their funds in the stock market, the use of internal stock risk assessment 
models is important to ensure solvency, the competitiveness and sustainability of their business, 
as demonstrated by Chan (2010), in a study on internal risk models and regulatory capital in 
the context of the Brazilian insurance market.

Similarly, the choice of an adequate internal risk model becomes a point of high relevance for 
all entities of the National Financial System, which have relevant applications both in the stock 
market and for the regulatory environment. Thus, the literature on the subject has presented 
comparisons between the performance of different models for VaR, considering unconditional 
and conditional coverage backtesting. However, this same literature has failed to point out 
certain models as suitable without making use of backtesting to verify if there is independence 
of violations of orders higher than 1. Some international examples are Berkowitz and O’Brien 
(2001), Bali (2003), Tolikas (2008), and more recently in Brazil, Godeiro (2014).

According to Berkowitz, Christtoffersen and Pelletier (2008), it is a standard in financial 
institutions to use Historical Simulation methods to calculate VaR. According to Tolikas (2008), 
these models are preferred because financial institutions tend to favor VaR models that generate 
estimates with low variability, not being forced to sell assets or change their investment strategies 
often. However, the use of traditional methods such as Historical Simulation (HS) ignores the 
long period of literature studies on conditional returns of financial assets (Christtoffersen & 
Pelletier, 2004). Moreover, such models have not been able to accurately predict volatility shocks 
such as those in the subprime financial crises in 2008 and Greece in 2010. 

The models that do not consider conditional volatility used in this work were Historical 
Simulation and Extreme Values Theory (EVT). Those that considered the conditional volatility 
in the return on assets were the GARCH and IGARCH models. All models were estimated with 
projection horizons of 1 and 10 days on a series of daily log-returns of the IBOVESPA for the 
period from January 2, 2002 to July 11, 2017, totaling 3,845 observations. For this purpose, we 
performed tests of unconditional and conditional coverage, including the possibility of dependence 
on violations of orders exceeding 1, which has not been taken into account by the Brazilian Central 
Bank, which regulates the calculation of the VaR and the realization of backtesting in Brazil.

The results show that only the models that consider conditional volatility (GARCH and 
IGARCH) with asymmetric Student t-distribution were not able to reject the null hypotheses 
of adherence, first order independence and higher orders, for forecast horizons of not only 1 but 
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also 10 days for the Brazilian stock market. With these results, we suggest that entities of the 
National Financial System that have relevant applications in the stock market, but which do not 
yet include the possibility of dependence on orders greater than 1 in the performance of their 
backtesting, review their internal risk models from this perspective, especially if their models do 
not consider the conditional volatility of their asset portfolio returns.

This work is divided into five sections, including this introduction. The second section presents 
a review of the literature on the subject. The third section presents the calculation methodologies 
for the VaR estimation and for the implementation of the adherence and independence tests used. 
In the fourth section, empirical results obtained by applying the methods studied in section three 
to IBOVESPA log-returns are presented and discussed. The fifth section presents conclusions 
and recommendations.

2. THEORETICAL FRAMEWORK
The risk analysis literature defines VaR as the largest potential loss of a position or portfolio, 

which can be verified with certain probability α, in a defined time horizon (Tardivo, 2002).
According to Russon and Tobin (2008), there are three main methodological categories for 

the calculation of VaR: the historical, the parametric, and the simulated, the latter performed 
through Monte Carlo simulations. As an example of historical VaR there is the method of 
Historical Simulation, while methods such as the RiskMetrics and ARMA-GARCH, are examples 
of parametric VaR methods. VaR models estimated by EVT are examples of semi-parametric VaR 
models, presented in detail by Bali (2003), Tolikas (2008) and Morettin (2011).

The literature on VaR has focused on the comparison between different methods for its 
calculation, taking, as reference for the comparisons, the results obtained by the application of 
tests of adherence and independence of the observed violations. Some examples are found in the 
studies by Tolikas (2008), Ferreira (2013), Godeiro (2014), among others.

Considering that in moments of financial crisis the distribution of asset returns has heavier 
tails than the normal distribution, in studies such as those by Bali (2003), Tolikas (2008), EVT 
is used to model the tails of the returns and to compare the performance of the VaR with the 
methods of the GARCH family and traditional ones such as Historical Simulation. The results 
obtained by Tolikas (2008) show a better EVT performance with coverage levels as high as 99.9% 
at times of crisis compared to traditional methods. 

Applications of VaR in the Brazilian context can be found in Ferreira (2013). This author uses 
35 Brazilian financial series of log-returns, with five series of currency exchange for Brazilian Real 
(BRL) and three curves of interest, with ten vertices each. This author used the following models 
to calculate VaR: IGARCH(1,1), family GARCH(m,n) with innovations following normal and 
Student’s t distributions and historical simulation. To evaluate these models, we implemented 
Kupiec’s (1995) test, Christoffersen’s (1998) test and an independence test based on violations 
durations (Christoffersen & Pelletier, 2004). A major disadvantage of this latter test, for empirical 
observations, is that log-returns samples of significant sizes generate series of durations that are 
often small, impairing the consistency of the results obtained.

Another application of VaR in the Brazilian context can be found in Godeiro (2014), which 
calculates the VaR of three distinct portfolios through models of the GARCH(m,n) family, 
with innovations following normal and Student’s t distributions, and by means of Monte Carlo 
simulations. Each portfolio consists of five shares traded on the São Paulo Stock Exchange (B3). 
The author also uses in his study Kupiec’s (1995) and Christoffersen’s (1998) backtesting for 
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the adherence and independence assumptions of the violations associated with the estimated 
VaR models. 

The performance of the models tested in all the above studies only takes into account the 
adherence and independence for the VaR of 1 day, despite the obligation imposed by the regulators 
to calculate the VaR of 10 days. In addition, in the studies comparing VaR models that consider 
conditional volatility (GARCH and IGARCH) with models that do not consider it (Historical 
Simulation and EVT, for example), independence tests of orders greater than 1 are not performed. 

To understand and implement the adherence and independence tests we used the works by 
Kupiec (1995), Christoffersen (1998) and Berkowitz et al. (2008). Kupiec (1995) presents an 
adherence test for VaR models, testing whether the percentage of violations is statistically equal 
to the theoretical probability of occurrences of violations in the model; Christoffersen (1998) 
proposes a joint test of adherence and first-order independence of violations by means of Markov 
chains. Berkowitz et al. (2008) propose a dependency test of orders greater than 1, by means of 
a Ljung-Box’s (LB) test for autocorrelations of violations centered around their mean. Next, we 
present the methodology applied in the study.

3. METHODOLOGY
To test the suitability of VaR models with horizons of 1 and 10 days, we calculated the 

log-returns from daily IBOVESPA series closing data, from January 2, 2002 to July 11, 2017, 
available in the Economática® database. The data used allowed us to obtain a series of 3845 log-
returns. Then, the VaR of 1 and 10 days was calculated, by means of the models IGARCH(1,1), 
Historical Simulation, GARCH(m,n), and EVT, all considering the investment of a monetary unit 
of capital (C=1), and then it was implemented the backtesting for adherence and independence 
of the violations of Kupiec (1995), Christoffersen (1998) and LB proposed by Berkowitz et al. 
(2008) on the log-returns observations “outside the sample”. 

The estimates of the models IGARCH(1,1), Historical Simulation, GARCH(m,n) were 
conducted with moving windows of daily IBOVESPA log-returns observations with sizes T=250, 
500, 1000 and 1500, in order to identify the impact of sample size on the quality of the estimated 
models. Thus, given the series of 3845 observations of log-returns, we performed for the VaR 
of 1 day, 3595 estimates for T=250, 3345 for T=500, 2845 for T=1000 and 2345 for T= 1500. 
For the VaR of 10 days, we conducted 3586, 3336, 2836 and 2336 estimates for T=250, 500, 
1000 and 1500, respectively. In the VaR models calculated through the EVT, moving windows 
were used with T=2100, because this model depends on larger samples for consistent estimates 
of their parameters. Thus, each TVE model generated 1745 and 1736 estimates for VaR of 1 
and 10 days, respectively.

For all VaR estimates, we used the log-returns within the sample, defined by ( )1/t t tr log P P−=
, where t is the index of the period in days and tP  the asset price in period t . For conducting the 
backtesting of 1 day, we used the log-returns outside the sample 1tr + , while for the backtesting 
of 10 days, we used the non-sample accumulated log-returns defined by � 𝑟𝑡+𝑗

10

𝑗=1
. All procedures 

were performed with the use of R.

3.1. Estimation of the VaR by the IGARCH(1,1) Model

The method initially known as RiskMetrics corresponds to the estimation of an IGARCH 
(1,1) type model (Integrated GARCH), which assumes that the returns on an asset or portfolio 
of assets follow a normal distribution and have a conditional variance described by equation 1  
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(Morettin, 2011). However, distributions that consider tails heavier than normal and also 
asymmetry of log-returns may be considered.

( )2 2 2
1 11t t trσ λσ λ− −= + −   ;  1, , ; 0 1t T λ= … < < .	 (1)

In which 2
tσ  is the conditional variance of the return on an asset in the period t  and T  the 

number of observations. Performing ( )2
1 ,tVar rσ =  which corresponds to the unconditional 

variance of returns, 999 processes were simulated in software R for 0.001;0.002; ;0.999λ = … , in 
order to obtain the respective mean squared errors (MSE) of each fit, described by the following 
equation:

( )22 2

1

T
t t

t

r
MSE

T
σ

=

−
=∑ 	 (2)

The parameter λ  which minimizes the MSE will be used in equation 1 to make estimates of 
the conditional variance of returns. The estimation of VaR for k periods ahead is done by means 
of the following equation:

[ ] ( ) ˆtVaR k q p k Cσ =   	 (3)

Where k is the number of days ahead for the VaR calculation, ( )q p  are the p-quantiles of the 
probability distribution used, in which 1p α= −  and ˆtσ  corresponds to the conditional variance 
estimated at time t. The p-quantiles were obtained for 1;0.5;0.25;0.1α = , for the normal and 
Student’s t distributions. For the latter, the number v  of degrees of freedom by maximizing the 
logarithmic function of the likelihood of the standard Student’s t distribution adjusted to the 
series of log-returns. This function is given by ( ), ,l v rµ σ , represented in equation 4, in which 
T is the number of observations used in the sample, r  is the vector of log-returns, µ  is the 
position parameter, σ the scale parameter and ( ).logΓ  represents the natural logarithm of the 
Gamma function.

( ), ,l v rµ σ =  ( ) ( ) 2

1

11 1 1
2 2 2 2

T
t

t

v rv vT log log log ln v log
v
µσ π

σ=

 +  −+     Γ − Γ − − − +                
∑ 	 (4)

3.2. Estimation of the VaR by Historical Simulation

According to Berkowitz et al. (2008), the calculation of VaR by Historical Simulation is 
simply done by obtaining the empirical p-quantile observed from T days passed multiplied by 
the square root of the number days associated with the projection horizon ( k ). Thus, the VaR 
calculated by the Historical Simulation method, with coverage level p  and time horizon k , is 
given by equation 5:

[ ] ( )pVaR k Cq p k= 	 (5)

The estimation of quantiles is a non-parametric alternative for the calculation of VaR (Morettin, 
2011), that is, no assumption is made on the probability distribution of the log-returns, only 
that it will remain the same during the forecast period. The estimator of the p -quantile ( )q p  
is a consistent estimator for the parameter ( )Q p  and is given by equation 6:
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jr ifp p j n
n

q p f r f r sep p p

r if p p

r ifp p

++


− = = = …

= − + < <


< <
 < <

	 (6)

where ( ) ( )1/j j j jf p p p p+= − − .

The Historical Simulation method assumes that the frequency distribution of the log-returns 
will remain the same in the forecast horizon, because it does not consider the possibility of 
conditional volatility of log-returns. 

3.3. Estimation of the VaR by GARCH(m,n) models

Without necessarily imposing the normality hypothesis of the returns of the assets under 
consideration, a VaR model, estimated by the GARCH method, first proposed by Bollerslev 
(1986), is a model that estimates the conditional variance of an asset’s returns as a function of 
past returns and conditional variances.

We estimate the parameters of a GARCH model(m,n) for the returns on an asset or portfolio 
of assets by means of the following system of equations:

t t tr hε= , ( )2~ 0,t RBε σ 	 (7)

2

1 1

m n

t i t i j t j
i j

h r hω α β− −
= =

= + +∑ ∑ 	 (8)

Equation 8 is subject to the following restrictions:

0, 0, 1, , 1, 0, 0, 1, , 1, 0i m j ni m j nω α α β β> ≥ = … − ≠ ≥ = … − ≠

Where ꞷ, iα , βj are the model parameters to be estimated, th  is the conditional variance of 
returns in the period t  and tε  is a white noise (WN), with mean 0 and variance 1. In addition, 
is a condition for stationarity of log-returns that ∑ 𝛼𝑖 + 𝛽𝑖

𝑞
𝑖=1 < 1  in which ( ),q max m n= . 

Based on this model, the conditional variances for the k  horizons is given by:

ℎ𝑡� 𝑘 = 𝐸[ℎ𝑡+𝑘|ℱ𝑡 ] 	 (9)

In which tF  is the information filtration available in period t . In turn, by assuming t t tr hε= ,  
the conditional default forecast errors, [ ]te k , are calculated as follows:

𝑒𝑡 𝑘 = ℎ𝑡� 𝑘 	 (10)

The cumulative forecast variance k , further ahead, which is given by the following:

𝑉𝑡 𝑘 = ℎ𝑡� 𝑘 + ℎ𝑡� 𝑘 − 1 + ℎ𝑡� 𝑘 − 2 + ⋯+ ℎ𝑡� 1 	 (11)
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The standard errors of the cumulative returns forecasts are obtained as follows:

[ ] [ ]*
t te k V k= 	 (12)

In this way, we are able to calculate the conditional confidence intervals for forecasts. Considering 
an interval with probability p , for the VaR calculation of a long position, we calculated the lower 
limit of the confidence interval, ( )t k t kP r LI p+ +< = . Thus, the VaR[k] is calculated as follows:

[ ] ( ) [ ]( )*
tVaR k C q p e k= 	 (13)

We estimated 25 combinations of the GARCH(m,n) Family, with the following series of 
combinations {(m,n)}={(1,1),...,(5,5)}, assuming that the white noise term tε  follows asymmetric 
Student’s t-distribution. The criteria for the model selection were the joint analysis of the Bayesian 
Information Criterion (BIC), mean VaR and the adherence backtesting and independence of 
violations. 

3.4. Estimation of the VaR by the Extreme Values Theory (EVT)

It is assumed that log-returns tr  are independently and identically distributed, with cumulative 
distribution function ( )F x . In the EVT-based model, we will be interested in studying the 
behavior of the probability distribution tails of log-returns. For a more detailed review on EVT, 
see Tsay (2010).

In order to model the tails of the distribution of log-returns, we will use the Generalized 
Extreme Value Distribution (GEVD), whose distribution function is given by: 

( )

1

,

,

1

,
,   0 ,

,    0

n i

rn i

r

n i

e

e ifF r

e if

ξ

µ
σ

µ
ξ

σ ξ

ξ

−

− 
−  
 

 − 
− +  
   

−


 ≠= 


=

	 (14)

Defined in ,
, :1 0 , 0n i

n i

r
r if

µ
ξ ξ

σ
 − 

+ > ≠  
  

, for , , 0.µ ξ σ−∞ < < +∞ −∞ < +∞

The distribution family is determined by the parameter ξ , so that if 0ξ =  we get the Gumbel 
Type I family, if 0ξ >  we obtain Fréchet Type II family, and if 0ξ <  the inverse Weibull Type 
III family.

Assuming that we have T  log-returns available { }
1

T

j j
r

=
, we divide the data into g  sub-samples 

of identical size n , that is, T gn= , such that:

{ } ( ){ }1 1 2 2 1 3 1 11
, , , , , , , ,T

t n n n n n gng nt
r r r r r r r r r+ + − +=

= … … … … … 	 (15)

Given the relationship 
Tg
n

= , depending on the choices of T  and n , g  may result as not 
integer. The solution to this is the exclusion of a minimum of the first observations of the series. 
The minimum number of observations excluded (NE) to make g integer is given by equation 16:

𝑁𝐸 = 𝑇 − ⌊𝑔⌋ � 𝑛 	 (16)

In which 𝑔  is the lowest integer of g.



	
16

633

With ,n ir  being the minimum log-return observed in sub-sample i multiplied by -1, where 
the subscript n denotes the size of the subsample, the series of positive values of the minima will 
be given by:

( ){ }{ }, 1{ } ,  1, , , 1, ,n i i n jr min r i g j n− += − = … = … .	 (17)

The estimation of the scale parameters σ , position µ  and form ξ  can be obtained by the 
maximum likelihood method. In the event that 0ξ ≠ , the log likelihood function is given by 
equation 18:

( ),1 ,, , , ,n n n n n gl r rσ µ ξ … =
1

, ,

1 1

11 1 1
ng g

n i n n i n
n n n

i in n n

r r
gln ln

ξµ µ
σ ξ ξ

ξ σ σ

−

= =

   − −     
− − + + − +        

           
∑ ∑ 	

(18)

For 0ξ = , we have:

( )
,    

,   
,1 ,

1 1

, , , ln
n i n

n

rg g
n i n

n n n n g n
i in

r
l r r g e

µ
σµ

σ µ σ
σ

−−
−

= =

… = − − −∑ ∑ 	 (19)

Nonlinear optimization computational procedures should be used to find the estimators 
( )ˆˆ , ,ˆn n nσ µ ξ  that maximize the value of the respective likelihood functions above.

( ) ( ),1 ,, ,
ˆˆ , , , , , ,ˆ

n n n
n n n n n n n n garg max l r r

σ µ ξ
σ µ ξ σ µ ξ= … 	 (20)

Estimates of the parameters of this distribution were performed using the evd library of R.
Value at Risk, with time horizon k and coverage level p, will be given by:

[ ]
( )

( ){ }

ˆ ˆ

ˆ

  1 [ ln ] ,   0 

   ln

ˆ

[ ln ]ˆ ,   

ˆ

 

ˆ

ˆˆ 0

ˆn n

n

n
n n

np

n n n

C k n p if
VaR k

C k n p if

ξ ξ

ξ

σµ ξ
ξ

µ σ ξ

−
    − − − ≠    =   


− − =

	 (21)

In the present article, VaR models with moving windows with variations in n were estimated. 
Considering the size of the series of 3845 daily log-returns, and given the graphical behavior of 
the volatility of the log-returns series, the sub-prime crisis began to take effect in the IBOVESPA 
at the end of November 2007. Thus, for the first estimation to include the period of crisis, we 
defined T=2100, associated with the date of 06/23/2010. Thus, 1745 estimates were made for 
VaR of 1 day with moving windows of size T=2100. For the VaR of 10 days, 1736 estimates were 
conducted with the same size for the windows. The models were estimated with n=5, 10 and 21. 
The choice of n = 5 is associated with the number of working days in a week, whereas n=21, the 
number of working days in a month. The value of n10  was an intermediate choice between both.

3.5. Kupiec’s (1995) Test

Kupiec’s (1995) test, also known as the proportion of failures (POF) test, has the objective of 
verifying if the proportion of violations in relation to the total observations of a VaR model is 
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adherent to the level of significance chosen for the calculation of this risk measure. Formally, we 
are interested in testing the hypothesis of unconditional coverage (adherence). A violation ( )tI α  
occurs when the Value at Risk ex-ante is lower/higher than the return ex-post in a given time t , 
considering a long/short position. Assuming that ( ) ( ) tI Bernoulliα α , for a long position, we 
will have:

𝐼𝑡 𝛼 = � 1, 𝑖𝑓 𝑟𝑡 < 𝑉𝑎𝑅𝑡|𝑡−𝑘 𝛼
 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 	 (22)

Under the null hypothesis, the number of violations V in a given time interval [ ]1,T  follows 
binomial distribution with parameters ( ),T α , such that:

( ) ( )
1

 ~ ,
T

t
t

V I Bin Tα α
=

=∑ 	 (23)

The null and alternative hypothesis of the Kupiec’s test are 0

1

:

ˆ:

ˆ VH
T

H

α α

α α

 = =

 ≠

The test statistic is obtained by the likelihood ratio test between the null hypothesis and the 
alternative, described by:

( )( )

( )
1

2

1

T VV

K T VV
LR ln

V V
T T

α α −

−

 
 

− = −       −          

	 (24)

By the properties of logarithms, we can rewrite it as:

( )( )
( )

2 1 1
T VV

T VV
K

V VLR ln ln
T T

α α
−

−
         = − − − −              

	 (25)

In which KLR  follows asymptotic distribution 2χ  with 1 degree of freedom.

3.6. Christoffersen’s (1998) Test

Christoffersen (1998) assumed that under the alternative VaR inefficiency hypothesis, the 
process of violations can be modeled by a Markov chain, with transition matrix defined by:

00 01
1

10 11

ˆ:H
π π
π π
 

Π =  
 

	 (26)

In which:

( ) ( )1ij t tP I j I iπ α α− = = =  	 (27)
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A Markov chain postulates the existence of a process ( )1AR  for the process of violations. The 
null hypothesis of Christoffersen’s test is defined by:

0

1
:

1
H α

α α
α α

− 
Π =  − 

	 (28)

Under the null hypothesis, whatever the state of the process in 1t − , the probability of a 
violation occurring at time t is equal to α , the level of significance used for the VaR calculation. 
Therefore, the probability of occurrence or non-occurrence of a violation at time t is independent 
of the occurrence or not of a violation in time 1t − , so that equations 29 to 32 are valid:

( ) ( ) ( )11 1 1t t tP I I P Iα α α α−   = = = = =   	 (29)

( ) ( ) ( )11 0 1t t tP I I P Iα α α α−   = = = = =   	 (30)

( ) ( ) ( )10 1 0 1t t tP I I P Iα α α α−   = = = = = −   	 (31)

( ) ( ) ( )10 0 0 1t t tP I I P Iα α α α−   = = = = = −   	 (32)

A test of the likelihood ratio denoted by CCLR , allows us to jointly test the hypotheses of 
adherence and independence associated with Christoffersen’s (1998) test:

( ) ( ) ( ) ( ){ } ( )22 , , , , , , 2ˆ
CC t T t T

d
LR logL I I logL I I

T
α α α α α χ  = − Π … − Π … →   

→∞

	 (33)

The statistic CCLR  presented in equation 33 converges to a chi-square asymptotic distribution 
with 2 degrees of freedom. In this equation, Π̂  is the transition matrix of the process of violations 
under the alternative hypothesis:

00 01

00 01 00 01

10 11

10 11 10 11

ˆ

n n
n n n n

n n
n n n n

 
 + + Π =
 
 + + 

	 (34)

ijn  is the number of times we have ( )tI jα =  and ( )1tI iα− = .
The likelihood function associated with the alternative hypothesis Π̂  is:

( ) ( ) ( ) ( )00 1001 11
01 01 11 11

ˆ ˆ, , , 1 ˆ 1 ˆ ˆn nn n
t TL I Iα α π π π π Π … = − −  	 (35)

Similarly, the likelihood function associated with the null hypothesis Π  is:

( ) ( ) ( ) 0 1; , , 1 n n
t TL I Iα α α α Π … = −  	 (36)

In which, 0 00 10n n n= +  and 1 01 11n n n= + .

3.7. Berkowitz-Christoffersen-Pelletier’s (2008) Test

Independence tests based on Markov chains have the limitation of only evaluating the presence 
of first order dependence in the violations. To circumvent this limitation, it is possible to use an 
LB test for the VaR violations proposed by Berkowitz et al. (2008). These authors define ( )itH α  
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as a variable indicating the ‘i-th” violation occurred in time t , centered around its expected value 
.α  In this way, we have ( ) ( ),it tH Iα α α= − , such that:

𝐻𝑖𝑡 𝛼 , = � 1− 𝛼, 𝑖𝑓 𝑟𝑡 < 𝑉𝑎𝑅𝑡|𝑡−𝑘 𝑝
 −𝛼, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

	 (37)

Berkowitz et al. (2008) start from the fact that the hypothesis of conditional coverage (adherence 
and independence) is satisfied when the process ( )itH α , follows a martingale difference. For 
more details, see Morettin (2011). Thus, a range of tests for the martingale difference hypothesis 
can be applied in VaR models for a given level of significance α . The null hypothesis of the LB 
test is that the stochastic process ( ){ }itH α  follows a martingale difference.

According to the LB test, the statistic associated with the nullity of the first K empirical 
autocorrelations of the process of centered violations is described by equation 38:

( ) ( ) ( )
2

2

1

ˆ
2

K
k

k

d
LB K T T K

T k
T

ρ χ
=

= + →
−

→∞
∑ 	 (38)

In which ˆkρ  is the empirical autocorrelation of order k of the process. Each k-th empirical 
autocorrelation k̂r  of the process ( ){ }itH α  was calculated as follows:

( ) ( ) ( ) ( )
( ) ( )

1 1 1
2

1 1

ˆ
{[   (  / )][  ( / )]}

[  ( / )]

T T T
it it t k itt k t t

k T T
it itt t

H H T H H T

H H T

α α α α
ρ

α α
−= + = =

= =

− −
=

−

∑ ∑ ∑
∑ ∑

	 (39)

In the present study, the LB test was performed for all the models to jointly test different 
orders of autocorrelations of the violations, having performed ten tests per model, so that K  
(eq. 38) was set from 1 to 10.

4. RESULTS
Given the objectives of this work, we considered suitable only the VaR models that did not 

reject Kupiec’s (1995) null hypothesis of adherence, the joint null hypothesis of adherence and 
first order independence of the Markov chain test (Christoffersen, 1998) and the null hypothesis 
of independence (not only of first but also of higher orders) of the LB test proposed by Berkowitz 
et al. (2008).

Table 1 presents the backtesting results for the estimates VaR[k] of 1 and 10 days (k=1 and 
k=10) for all models considered in the article, for coverage levels of 99%, 99.5%, 99.75% and 
99.9%. We present the p-values of the adherence and independence tests of Kupiec and Markov 
chains. As for the LB test, we present the K values (eq. 38) in which the null hypothesis was 
rejected. Table 2 presents for all the estimated models and coverage levels the respective mean 
VaR, standard deviation of the VaR, number of violations (V) and the aggregate, maximum and 
average violations.

The Historical Simulation models for both 1 and 10 days were not adequate for any of the 
coverage levels and sizes of the moving windows considered. However, it is interesting to note 
that if the adequacy criterion did not consider the test for dependence on higher orders (LB), 
this model with T=500 would be suitable for 99% and 99.5%, with T=1000 for 99.5% and 
99.75%, and with T=1500 for 99%, 99.5% and 99.75% all with horizon of 1 day. These results 
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Table 1 
Results of Backtesting for Different Estimated VaR Models

Model k p Kupiec Markov K (LB) Model k p Kupiec Markov K 
(LB)

Historical 
Simulation 
T=250

1

0.9900 0.0031 0.0068 3 and 
9

Historical 
Simulation 
T=1000

1

0.9900 0.0870 0.0114
1 to 5, 
7 and 
9

0.9950 0.0095 0.0268 2 and 
9 0.9950 0.1482 0.3045 2

0.9975 0.0016 0.0060 2 0.9975 0.0951 0.2355
2, 3, 5 
8 and 
9

0.9990 0.0000 0.0000 2 0.9990 0.0037 0.0143
2, 5, 
8 and 
10

10

0.9900 0.0169 0.0000 1 to 7

10

0.9900 0.7591 0.0000 1 to 9
0.9950 0.0001 0.0000 1 to 6 0.9950 0.3291 0.0000 1 to 9

0.9975 0.0000 0.0000 1 to 5 
and 8 0.9975 0.6737 0.0000 1 to 8

0.9990 0.0000 0.0000 1 to 5 0.9990 0.2463 0.0000 1 to 5 
and 8

Historical 
Simulation 
T=500

1

0.9900 0.1120 0.2426 2 to 4 
and 9

Historical 
Simulation 
T=1500

1

0.9900 0.6030 0.0832
1 to 3 
and 5 
to 8

0.9950 0.0942 0.2068 2 and 
9 0.9950 0.2358 0.4459 2, 3, 5 

and 7

0.9975 0.0190 0.0589 2 and 
5 0.9975 0.0584 0.1588

2, 3, 5 
and 8 
to 10

0.9990 0.0001 0.0003 2 0.9990 0.0039 0.0151
2, 3, 5 
and 8 
to 10

10

0.9900 0.0775 0.0000
1 to 5 
and 7 
to 9

10

0.9900 0.4738 0.0000 1 to 
10

0.9950 0.2133 0.0000 1 to 5 0.9950 0.7037 0.0000 1 to 
10

0.9975 0.3795 0.0000 1 to 5 
and 8 0.9975 0.3970 0.0000 1 to 9

0.9990 0.1900 0.0000 1 to 5 
and 8 0.9990 0.1306 0.0000 1 to 5 

and 8

Extreme 
Values Theory 
n=5 

1

0.9900 0.0000 0.0004 2

Extreme 
Values Theory 
n=21

1

0.9900 0.0513 0.1420 2
0.9950 0.0058 0.0225 - 0.9950 0.0244 0.0793 2
0.9975 0.2046 0.4469 - 0.9975 0.2046 0.4469 -
0.9990 0.5393 0.8281 - 0.9990 0.8503 0.9799 -

10

0.9900 0.0000 0.0000 1 to 8

10

0.9900 0.0000 0.0000 1 to 7
0.9950 0.0000 0.0000 1 to 8 0.9950 0.0000 0.0000 1 to 6
0.9975 0.0000 0.0000 1 to 6 0.9975 0.0000 0.0000 1 to 5
0.9990 0.0000 0.0000 1 to 4 0.9990 0.0026 0.0000 1 to 4
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Model k p Kupiec Markov K (LB) Model k p Kupiec Markov K 

(LB)

Extreme 
Values Theory 
n=10

1

0.9900 0.0042 0,0164 2
0.9950 0.0244 0,0793 2
0.9975 0.2046 0,4469 -
0.9990 0.5393 0,8281 -

10

0.9900 0.0000 0.0000 1 to 7
0.9950 0.0000 0.0000 1 to 7
0.9975 0.0000 0.0000 1 to 6
0.9990 0.0000 0.0000 1 to 5

IGARCH(1,1) 
asymmetric 
Student’s t 
T=250

1

0.9900 0.4999 0.5981 2

IGARCH(1,1) 
asymmetric 
Student’s t 
T=1000

1

0.9900 0.7722 0.1172 1 and 
2

0.9950 0.3579 0.5717 - 0.9950 0.7411 0.8924 -
0.9975 0.3387 0.6073 2 0.9975 0.4963 0.7705 -
0.9990 0.0056 0.0211 2 0.9990 0.5963 0.8681 -

10

0.9900 0.0527 0.0000 1 to 8

10

0.9900 0.7591 0.0000 1 to5
0.9950 0.0735 0.0000 1 to 6 0.9950 0.7500 0.0000 1 to 4
0.9975 0.5112 0.0000 1 to 4 0.9975 0.6737 0.0001 1
0.9990 0.0165 0.0000 1 to 4 0.9990 0.2076 0.4521 -

IGARCH(1,1) 
asymmetric 
Student’s t 
T=500

1

0.9900 0.3474 0.1462 1

IGARCH(1,1) 
asymmetric 
Student’s t 
T=1500

1

0.9900 0.9095 0.0702 1
0.9950 0.5852 0.7725 2 0.9950 0.6043 0.6815 -
0.9975 0.2373 0.4759 2 0.9975 0.4137 0.7117 -
0.9990 0.3993 0.6954 - 0.9990 0.3207 0.6108 -

10

0.9900 0.9116 0.0000 1 to 7

10

0.9900 0.3488 0.0000 1 to 4
0.9950 0.7490 0.0000 1 to 3 0.9950 0.9255 0.0000 1 to 4
0.9975 0.5769 0.0000 1 to 4 0.9975 0.4187 0.0102 1
0.9990 0.1900 0.0000 1 0.9990 0.3232 0.6140 -

GARCH(1,1) 
T=250

1

0.9900 0.3046 0.4594 -

GARCH(1,1) 
T=1000

1

0.9900 0.2056 0.3790 -
0.9950 0.8160 0.8980 2 0.9950 0.5433 0.7907 2
0.9975 0.5162 0.7827 2 0.9975 0.9662 0.9820 2
0.9990 0.4842 0.7772 2 0.9990 0.9274 0.9927 -

10

0.9900 0.0019 0.0000 1, 2 
and 3

10

0.9900 0.0012 0.0000 1 to 3

0.9950 0.0083 0.0000 1, 2 
and 3 0.9950 0.0048 0.0004 1 and 

2

0.9975 0.1477 0.0000 1 and 
2 0.9975 0.0040 0.0160 -

0.9990 0.1055 0.2700 - 0.9990 0.2076 0.4521 -

GARCH(1,1) 
T=500

1

0.9900 0.0837 0.1890 -

GARCH(1,1) 
T=1500

1

0.9900 0.2383 0.3264 2
0.9950 0.4918 0.7451 2 0.9950 0.8302 0.8347 2
0.9975 0.5824 0.8339 2 0.9975 0.9548 0.9831 2
0.9990 0.8477 0.9792 - 0.9990 0.8171 0.9721 -

10

0.9900 0.0008 0.0000 1 and 
2

10

0.9900 0.0001 0.0000 1 and 
2

0.9950 0.0072 0.0000 1 and 
2 0.9950 0.0269 0.0020 1 and 

2
0.9975 0.0082 0.0305 - 0.9975 0.0131 0.0460 -
0.9990 0.1324 0.3225 - 0.9990 0.3232 0.6140 -

Table 1 
Cont.
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Table 2 
Mean VaR and Average, Aggregate and Maximum Violations for Different Models

Model k p V Mean 
VaR SD VaR Aggregate 

violation
Maximum 
Violation

Average 
Violation

Historical  
Simulation
T=250

1

0.9900 55 -0.0413 0.0145 -0.6689 -0.0601 -0.0122
0.9950 30 -0.0471 0.0178 -0.4726 -0.0584 -0.0158
0.9975 20 -0.0521 0.0195 -0.3439 -0.0537 -0.0172
0.9990 15 -0.0558 0.0212 -0.2843 -0.0530 -0.0190

10

0.9900 51 -0.1306 0.0459 -0.6689 -0.1651 -0.0131
0.9950 37 -0.1490 0.0565 -0.4726 -0.1353 -0.0128
0.9975 27 -0.1647 0.0618 -0.3439 -0.1292 -0.0127
0.9990 22 -0.1762 0.0669 -0.2843 -0.1268 -0.0129

Historical  
Simulation
T=500

1

0.9900 43 -0.0432 0.0145 -0.6123 -0.0562 -0.0142
0.9950 24 -0.0500 0.0173 -0.4020 -0.0534 -0.0167
0.9975 16 -0.0579 0.0211 -0.2884 -0.0516 -0.0180
0.9990 13 -0.0648 0.0231 -0.2072 -0.0467 -0.0159

10

0.9900 44 -0.1366 0.0458 -1.5725 0.2092 -0.0357
0.9950 22 -0.1581 0.0549 -0.8180 -0.1385 -0.0372
0.9975 11 -0.1832 0.0667 -0.5403 -0.1351 -0.0491
0.9990 6 -0.2050 0.0731 -0.3635 -0.1197 -0.6058

Historical  
Simulation
T=1000

1

0.9900 38 -0.0477 0.0144 -0.6079 -0.0749 -0.0160
0.9950 20 -0.0544 0.0170 -0.3983 -0.0527 -0.0199
0.9975 12 -0.0635 0.0199 -0.2467 -0.0479 -0.0206
0.9990 9 -0.0751 0.0245 -0.1587 -0.0459 -0.0176

Historical  
Simulation
T=1000

10

0.9900 30 -0.1508 0.0456 -1.5698 -0.2209 -0.0523
0.9950 18 -0.1722 0.0536 -1.0080 -0.2078 -0.0560
0.9975 6 -0.2009 0.0628 -0.4806 -0.1385 -0.0801
0.9990 5 -0.2379 0.0774 -0.4126 -0.1341 -0.0825

Historical  
Simulation
T=1500

1

0.9900 26 -0.0481 0.0086 -0.5739 -0.0749 -0.0111
0.9950 16 -0.0602 0.0132 -0.3584 -0.0650 -0.0224
0.9975 11 -0.0697 0.0147 -0.2363 -0.0521 -0.0215
0.9990 8 -0.0869 0.0215 -0.1480 -0.0432 -0.0185

10

0.9900 20 -0.1521 0.0272 -1.3968 -0.2148 -0.0698
0.9950 13 -0.1907 0.0415 -1.0137 -0.1963 -0.0780
0.9975 8 -0.2206 0.0465 -0.5540 -0.1506 -0.0692
0.9990 5 -0.2750 0.0681 -0.4375 -0.1361 -0.0875

Extreme Values 
Theory 
n=5 

1

0.9900 4 -0.0489 0.0023 -0.0982 -0.0526 -0.0245
0.9950 2 -0.0592 0.0032 -0.0688 -0.0464 -0.0344
0.9975 2 -0.0702 0.0043 -0.0505 -0.0403 -0.0252
0.9990 1 -0.0859 0.0062 -0.0325 -0.0325 -0.0325

10

0.9900 120 -0.0617 0.0055 -3.1871 -0.1452 -0.0265
0.9950 83 -0.0747 0.0073 -1.9025 -0.1316 -0.0229
0.9975 54 -0.0887 0.0094 -1.0262 -0.1170 -0.0190
0.9990 21 -0.1087 0.0128 -0.3927 -0.0960 -0.0187
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Model k p V Mean 

VaR SD VaR Aggregate 
violation

Maximum 
Violation

Average 
Violation

Extreme Values 
Theory 
n=10 

1

0.9900 7 -0.0458 0.0021 -0.1114 -0.0540 -0.0159
0.9950 3 -0.0559 0.0029 -0.0747 -0.0477 -0.0249
0.9975 2 -0.0669 0.0039 -0.0545 -0.0414 -0.0272
0.9990 1 -0.0830 0.0057 -0.0331 -0.0331 -0.0331

10

0.9900 128 -0.0615 0.0052 -3.2043 -0.1418 -0.0250
0.9950 84 -0.0751 0.0069 -1.8739 -0.1263 -0.0223
0.9975 46 -0.0899 0.0091 -0.9496 -0.1091 -0.0206
0.9990 23 -0.1116 0.0126 -0.3347 -0.0835 -0.0145

Extreme Values 
Theory 
n=21 

1

0.9900 10 -0.0419 0.0022 -0.1388 -0.0559 -0.0138
0.9950 3 -0.0520 0.0027 -0.0861 -0.0498 -0.0287
0.9975 2 -0.0636 0.0033 -0.0619 -0.0438 -0.0309
0.9990 2 -0.0818 0.0047 -0.0367 -0.0359 -0.0183

10

0.9900 102 -0.0672 0.0060 -2.4453 -0.1424 -0.0239
0.9950 59 -0.0835 0.0084 -1.1838 -0.1269 -0.0200
0.9975 24 -0.1023 0.0116 -0.5059 -0.1093 -0.0210
0.9990 7 -0.1318 0.0178 -0.1641 -0.0823 -0.0234

IGARCH(1,1)                 
asymmetric 
Student’s t 
T=250

1

0.9900 32 -0.0398 0.0222 -0.3991 -0.0500 -0.0125
0.9950 22 -0.0468 0.0281 -0.2471 -0.0434 -0.0112
0.9975 12 -0.0544 0.0354 -0.1731 -0.0366 -0.0144
0.9990 10 -0.0658 0.0481 -0.1112 -0.0274 -0.0111

10

0.9900 48 -0.1257 0.0703 -0.9975 -0.1280 -0.0208
0.9950 26 -0.1479 0.0889 -0.5732 -0.1192 -0.0220
0.9975 11 -0.1720 0.1120 -0.3934 -0.1111 -0.0358
0.9990 9 -0.2079 0.1521 -0.2636 -0.1010 -0.0293

IGARCH(1,1)               
asymmetric 
Student’s t 
T=500

1

0.9900 39 -0.0365 0.0247 -0.3985 -0.0646 -0.0102
0.9950 19 -0.0434 0.0312 -0.2336 -0.0602 -0.0123
0.9975 12 -0.0512 0.0392 -0.1518 -0.0557 -0.0127
0.9990 5 -0.0631 0.0533 -0.0933 -0.0494 -0.0187

IGARCH(1,1)               
asymmetric 
Student’s t 
T=500

10

0.9900 34 -0.1154 0.0782 -0.8503 -0.1174 -0.0250
0.9950 18 -0.1374 0.0987 -0.4845 -0.1026 -0.0269
0.9975 10 -0.1619 0.1242 -0.2537 -0.0871 -0.0254
0.9990 6 -0.1995 0.1688 -0.1061 -0.0655 -0.0177

IGARCH(1,1)                  
asymmetric 
Student’s t 
T=1000

1

0.9900 30 -0.0315 0.0267 -0.3176 -0.0696 -0.0106
0.9950 13 -0.0381 0.0328 -0.1784 -0.0663 -0.0137
0.9975 9 -0.0456 0.0402 -0.1096 -0.0630 -0.0122
0.9990 2 -0.0576 0.0526 -0.0798 -0.0585 -0.0399

10

0.9900 30 -0.0995 0.0845 -0.7380 -0.1112 -0.0246
09950 13 -0.1204 0.1039 -0.3459 -0.0812 -0.0266
0.9975 6 -0.1443 0.1273 -0.1282 -0.0436 -0.0214
0.9990 1 -0.1820 0.1664 -0.0062 -0.0062 -0.0062

Table 2 
Cont.
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Model k p V Mean 

VaR SD VaR Aggregate 
violation

Maximum 
Violation

Average 
Violation

IGARCH(1,1)              
asymmetric 
Student’s t 
T=1500

1

0.9900 24 -0.0266 0.0280 -0.2342 -0.0625 -0.0098
0.9950 10 -0.0326 0.0342 -0.1139 -0.0580 -0.0114
0.9975 4 -0.0395 0.0413 -0.0621 -0.0533 -0.0155
0.9990 1 -0.0504 0.0528 -0.0468 -0.0468 -0.0468

10

0.9900 19 -0.0842 0.0887 -0.6475 -0.1093 -0.0341
0.9950 12 -0.1031 0.1082 -0.3227 -0.0820 -0.0269
0.9975 4 -0.1249 0.1309 -0.1218 -0.0489 -0.0305
0.9990 1 -0.1595 0.1670 -0.0083 -0.0083 -0.0083

GARCH(1,1)    
T=250

1

0.9900 30 -0.0434 0.0162 -0.3690 -0.0555 -0.0123
0.9950 17 -0.0503 0.0189 -0.2341 -0.0506 -0.0138
0.9975 11 -0.0574 0.0217 -0.1576 -0.0461 -0.0143
0.9990 5 -0.0672 0.0256 -0.1098 -0.0400 -0.0220

10

0.9900 19 -0.1377 0.0505 -0.4319 -0.1110 -0.0227
0.9950 8 -0.1594 0.0588 -0.2168 -0.0963 -0.0271
0.9975 5 -0.1818 0.0674 -0.1222 -0.0813 -0.0244
0.9990 1 -0.2130 0.0796 -0.0609 -0.0609 -0.0609

GARCH(1,1)    
T=500

1

0.9900 24 -0.0433 0.0174 -0.2925 -0.0596 -0.0122
0.9950 14 -0.0501 0.0204 -0.1782 -0.0547 -0.0127
0.9975 10 -0.0571 0.0235 -0.1005 -0.0499 -0.0100
0.9990 3 -0.0668 0.0279 -0.0587 -0.0432 -0.0196

10

0.9900 16 -0.1374 0.0542 -0.3198 -0.0834 -0.0200
0.9950 7 -0.1589 0.0635 -0.1271 -0.0638 -0.0182
0.9975 2 -0.1810 0.0733 -0.0495 -0.0439 -0.0248
0.9990 1 -0.2116 0.0870 -0.0167 -0.0167 -0.0167

GARCH(1,1)     
T=1000

1

0.9900 22 -0.0429 0.0166 -0.2613 -0.0604 -0.0119
0.9950 12 -0.0496 0.0193 -0.1587 -0.0557 -0.0132
0.9975 7 -0.0564 0.0219 -0.0962 -0.0510 -0.0137
0.9990 3 -0.0658 0.0256 -0.0590 -0.0446 -0.0197

10

0.9900 13 -0.1361 0.0519 -0.2643 -0.0873 -0.0203
0.9950 5 -0.1572 0.0601 -0.1110 -0.0686 -0.0222
0.9975 1 -0.1788 0.0684 -0.0496 -0.0496 -0.0496
0.9990 1 -0.2086 0.0799 -0.0237 -0.0237 -0.0237

GARCH(1,1)     
T=1500

1

0.9900 18 -0.0432 0.0179 -0.2107 -0.0608 -0.0117
0.9950 11 -0.0499 0.0207 -0.1270 -0.0563 -0.0115
0.9975 6 -0.0567 0.0235 -0.0716 -0.0516 -0.0119
0.9990 2 -0.0660 0.0275 -0.0459 -0.0453 -0.0229

10

0.9900 7 -0.1370 0.0557 -0.1892 -0.0832 -0.0270
0.9950 5 -0.1580 0.0644 -0.0879 -0.0634 -0.0176
0.9975 1 -0.1795 0.0734 -0.0431 -0.0431 -0.0431
0.9990 1 -0.2091 0.0856 -0.0152 -0.0152 -0.0152

Table 2 
Cont.
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for Kupiec’s (1995) and Christoffersen’s (1998) tests are similar to those found in Tolikas (2008) 
and show the importance of considering testing for dependence on higher orders as is the case 
in this article. Figure 1 illustrates the viscosity of this model, since it takes time to respond to 
volatility shocks.

It can be seen in figure 2 that the EVT models are even more viscous than the Historical 
Simulation models. Another characteristic verified in the Extreme Values models is that the 
estimated quantiles are quite sensitive to the size of the intervals of each sub-sample to obtain 
the minimums used to estimate the parameters of the GEV distribution. The estimated models 
with the three interval sizes used (n=5, 10 and 21), generated results only for the 1-day horizon 
and coverage levels of 99.75% and 99.9%, according to the three tests used. Among the EVT 
models, the model with n=21 for 1 day had the lowest mean VaR for the two coverage levels 
referred to, of -0.0636 and -0.0818, respectively. We also verified that. among all the analyzed 
models, most of the time the EVT models presented higher mean VaR, less aggregate violation 
and less maximum violation. For the coverage level of 99.75%, this EVT model had a higher 
average violation compared to the Historical Simulation, GARCH and IGARCH models. As 
for the coverage level of 99.9%, presented the lowest average violation in most cases, except for 
Historical Simulation models with moving windows with T=500 and T=1000.

The IGARCH(1,1) models with asymmetric Student’s t-distribution for 1 day and T=1000 
and 1500 are suitable for coverage levels of 99.5%, 99.75% and 99.9%. With T=500, the model 
is only suitable for the coverage level of 99.9%, and, with T=250, only 99.5%. We also observed 
a reduction of the mean VaR with the increase of T. Among the models suitable for 99.5%, we 
observe smaller standard deviation, maximum and average violations with T=250 and smaller 
number of violations, mean VaR and aggregate violation with T=1500. For 99.75%, we observe 
smaller standard deviation and average violation with T=1000 and smaller number of violations, 
mean VaR, aggregate and maximum violations with T=1500. For 99.9%, we observe a smaller 
average violation with T=500, lower standard deviation with T=1000 and lower number of 
violations, mean VaR, aggregate and maximum violations with T=1500. For 10 days, only the 
models with T=1000 and 1500 are suitable for the coverage level of 99.9%, with the lowest mean 
VaR being observed with T=1500 and the lowest standard deviation and aggregate, maximum 
and average violations with T=1000.

Among all the combinations of estimated GARCH(m,n) models, the GARCH (1,1) model 
presented the lowest BIC and the best results in terms of the backtestings performed, for both 
VaR of 1  and 10 days. For the VaR of 1 day, this model accepted the null hypotheses of both 
Kupiec and Christoffersen’s tests for all coverage levels and used moving windows. However, 
with T=250, the model is only suitable for 99%. With T=500 and 1000, are suitable for 99% 
and 99.9%. With T=1500, the model is suitable only for 99.9%. Among the models suitable 
for 99%, the model with T=1000 presented the lowest mean VaR, standard deviation, number 
of violations, average and aggregate violations. For 99.9%, the lowest maximum and average 
violations were observed with T=500, the lowest mean VaR and standard deviation with T=1000 
and the lowest number of violations and aggregate violation with T=1500. For 10 days, estimates 
with all window sizes are suitable for 99.9%, with the lowest mean VaR being observed with 
T=1000, the lowest standard deviation with T=250, and the lowest aggregate, maximal and 
average violations observed with T=1500.

From the results of the backtestings carried out, we verified that the VaR models of the 
GARCH(m,n) and IGARCH(1,1) family, which consider conditional volatility and also asymmetric 
distributions and heavier tails than normal,  are better than traditional models such as Historical 
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Simulation and EVT. The rapid response of these models to volatility shocks can be seen in 
Figures 3 and 4. Although EVT models have shown along with GARCH and IGARCH models 
to be suitable for 1-day horizons and higher levels of coverage, if we increase even more the 
restrictions for suitability of the model considering the necessity of adherence and independence 
for horizons of 1 and 10 days simultaneously, the range of adequately modeled feasible coverage 
levels reduces to 99.9%, which is obtained exclusively by GARCH and IGARCH models. In 
addition, GARCH and IGARCH models perform better than Historical Simulation models 
because they have, in general, lower Mean VaR.

Figure 1. VaR of 1 (a) and 10 (b) days by Historical Simulation for T=250.

Figure 2. VaR of 1 (a) and 10 (b) days by EVT for n=5.

Figure 3. VaR of 1 (a) and 10 (b) days by IGARCH (1,1) with asymmetric Student’s t-test and T=250.

Figure 4. VaR of 1 (a) and 10 (b) days by GARCH(1,1) for T=250.
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5. CONCLUSIONS
In this research, four risk models (Historical Simulation, EVT, IGARCH(1,1) and GARCH(1,1)) 

were estimated for the daily log-returns series of the IBOVESPA and the VaR measure was 
extracted from each model, with the objective of verifying which of them are suitable for the 
Brazilian stock market, in investment horizons of 1 and 10 days.

In spite of the common practice of a large number of banks using methods such as Historical 
Simulation for their VaR, the results show that only models that consider the conditional 
volatility as GARCH and IGARCH were adequate, taking into account not only the criterion of 
adherence and independence of first order widely used in the literature for comparison of market 
risk models, but also independence of higher orders, for forecasting horizons of 1 and 10 days. 

With these results, we suggest that entities of the National Financial System that invest their 
resources in portfolios with a significant percentage in shares traded in the stock exchange, to 
reassess their internal risk models, including the possibility of dependence on orders greater than 
1 of VaR violations in the performance of their backtesting. This becomes especially important 
if VaR models that do not take into account conditional volatility are still used, as is the case of 
the Historical Simulation and EVT models. The objective would be to improve the risk models 
currently used by these entities, in order to reduce the occurrence of significant, unexpected and 
successive losses which may undermine financial stability and the proper functioning of markets.

In this sense, although less operationally comfortable, the migration to GARCH family models, 
by entities of the National Financial System that have relevant applications in the Brazilian stock 
market, may become essential for the calculation of their VaR and bring managerial benefits in 
terms of lower average values for this risk measure, compared to Historical Simulation and EVT 
models. Such action would reduce the opportunity costs of these entities, thus allowing greater 
leverage and the accomplishment of financial operations with potential of greater returns, which 
would favor a better performance and greater competitiveness of these entities in their markets, 
while at the same time ensuring better health of the financial system, since it reduces the chances 
of systemic crises by means of more robust forecasts for the losses.
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