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Abstract: The steady-state convection-diffusion equation is part of the mathematical
model for transport phenomena. Its exact solution may present boundary layers when
convection is dominant. In these cases, numerical solutions of the second-order centered
finite difference present spurious oscillations, and stabilized methods may present the
smearing effect. Here new h; and h, vector norms and seminorms are proposed as
analogs to the H' and H? norms used in the finite element framework, which allow
defining new errors for the solutions and their derivatives obtained by the finite
difference method. In addition, new wl,, wh; and wh, weighted norms and seminorms
are introduced, allowing to observe convergences of the schemes similar to what should
be expected theoretically. These norms and seminorms and their weighted versions are
valid for uniform and non-uniform meshes. Furthermore, exact solutions with boundary
layers are proposed as benchmarks together with the errors in the new vector norms of
two classical finite difference schemes: centered and upwind. Numerical results indicate
that a mesh that guarantees an acceptable approximation for the solution u does
not guarantee an acceptable approximation for the derivatives of u. For this reason
non-uniform meshes and new schemes will be analyzed in future articles.

Key words: diffusion - advection, finite difference method, vector norms, vector
seminorms, exact solutions, stabilization.

INTRODUCTION

The steady-state convection-diffusion problem is described by equations (1-2).

—V-(DVu)+v-Vu=finQ, ()
N ———— — v.
Diffusion Advection
u=gon o, (2)

where Q@ C R" (n = 1,2) is open bounded domain with a Lipschitz boundary 99, u is the unknown
scalar quantity of the problem to be transported by advection and diffusion, 0 < D,,,;j, < D < D, IS
the diffusive coefficient whose lower and upper bounds are D,;, and D, f € L2(£2) is a volume source
term, v = (vy,...,Vv,) is the transport advective field with v; € H'(2), g € C°(9Q) is the boundary value
prescribed for u, L?(Q) is the space of square integrable functions on Q, H'(Q) is the Hilbert space
whose functions and their derivatives are square integrable functions on €, and C°(99) is the space
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of continuous functions in 9. The functions D : Q@ - R, v; : Q > R f: Q - R, g: 902 — R are all
known data of the problem. This equation is used to model transport phenomena, present in several
areas of knowledge. For example, in mechanical engineering there are several applications in fluid
mechanics (Raithby 1976, Brooks & Hughes 1982, Galedo & Carmo 1988, Alvarez et al. 2017, Almeida
et al. 2018, Bermudez et al. 2021), and in medicine it is used to model the growth of brain tumors
(Rockne et al. 2009, Silva 2014, Jesus et al. 2016, Machado et al. 2023). The Péclet number P, = % isa
dimensionless quantity that estimates the ratio of the rate of advection to the rate of diffusion, where
L is a characteristic length, and || denotes the absolute value of a vector or scalar. In cases where
P, < 1 diffusion is said to be dominant, and the exact solution does not have large gradients. When
P, > 1 convection is said to be dominant, and the exact solution may have boundary layers. Boundary
layers are small subregions of ©Q where derivatives of the solution are very large.

It is well known that numerical solutions by classical finite difference (FDM), finite element (FEM)
and finite volume (FVM) methods are accurate and stable when diffusion is dominant. However, when
convection is dominant, these numerical solutions lose stability and may present spurious oscillations
in the presence of boundary layers (Stynes & Stynes 2018). This led to the emergence of so-called
stabilized formulations, which present greater stability than classical formulations in the presence of
boundary layers (Courant et al. 1952, Raithby 1976, Brooks & Hughes 1982, Galedo & Carmo 1988, Carmo
& Alvarez 2003, 2004). However, some of these stabilized formulations may present the so-called
smearing effect, which results in an excessive smoothing of the numerical solution that appears
both in regions with boundary layers and in regions where the exact solution is smooth. Therefore,
whenever a new stabilized formulation is developed, it is necessary to evaluate its performance in
terms of accuracy and stability, where two important aspects to be evaluated are the elimination of
spurious oscillations and the reduction of the smearing effect. These two aspects are considered to
be the two main ‘pathologies’ that numerical methods present.

There are a set of model problems or test problems that are used as benchmarks to verify
the performance of stabilized methods. Most of these model problems are cases where the exact
solution should be smooth or have boundary layers. However, there are few known exact solutions with
boundary layers. Generally, only the shape of the solution is known, but without the exact formulas.
Knowing the formulas of the exact solutions is important because it allows the a posteriori error to be
calculated, and thus a more quantitative than qualitative study of the error of the numerical method
can be performed. In addition, cases with known exact solutions allow the calculation of the error for
the derivatives of the numerical solution, as will be presented in the next section.

Exact solutions of the convection-diffusion equation have been a topic of research that continues
to be current for mathematicians, physicists and engineers (lvanova 2008, Portegies & Duits 2017).
However, this type of approach is not the focus of this paper. Here the focus is on cases that have
smooth exact solutions and boundary layers to study the performance of the numerical methods.
Therefore, some exact solutions that have a shape very similar to that of the model problems used as
benchmarks are presented, as well as the errors for the solution and their derivatives of two classical
finite difference schemes: centered and upwind. On the other hand, exact solutions, in addition to
being important elements in the analysis of the performance of numerical methods, contribute to the
verification and validation of computational codes.
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The finite difference method is the oldest numerical method for solving Partial Differential
Equation (PDE), and it has some disadvantages when compared to FEM. One of these disadvantages
is that it only has the Euclidean norm in its framework. Different norms and seminorms are important
tools in the analysis of numerical methods, since they allow the evaluation of the contribution of
the solution and its derivatives to the error. In the finite element framework, the L?(2), H'(Q) and
H?(Q2) norms and seminorms are frequently used. Here, for the first time, new h, and h, norms and
seminorms analogous to H'(2) and H?(2) norms and seminorms are introduced. In addition, two
versions of the Euclidean norm are presented: the traditional Euclidean vector norm (l,), and a version
called the weighted norm (wl,) (Alvarez et al. 2025). These two versions are also extended to the h,
and h, norms and seminorms. In this way, it is possible to define new global errors for the solutions
and their derivatives obtained by the finite difference method.

In essence, this work presents two new contributions to the analysis of finite difference schemes.
The first novelty consists of the introduction of new norms and semi-norms in the finite difference
framework. The second new feature concerns exact solutions with boundary layers as benchmarks
together with the errors in the new vector norms. Among the exact solutions presented, the solutions
to model problems with external and internal boundary layers for the 2D case stand out. As far as the
authors know, these two solutions are unpublished, and they allow for a quantitative analysis of the
errors. The rest of the paper is organized as follows. In the next section, the norms, seminorms and
errors are introduced for two classical finite difference schemes. Subsequently, the cases with exact
solutions proposed as benchmarks are presented and analyzed, culminating with the conclusions.

MATERIALS AND METHODS

Two computer software were used in this work. Mathematica software (Wolfram 2015) (https://
www.wolfram.com/mathematica) was used to perform some symbolic calculations. The MATLAB®
software (Gilat 2014) (https://www.mathworks.com/products/matlab.html) was used to develop two
computational codes, which allowed obtaining the numerical results.

New h,, h,, wl,, wh, and wh, vector norms and seminorms were proposed. One-dimensional
and two-dimensional cases with exact solution were introduced and compared with the numerical
solutions of two finite difference schemes. The global error of each scheme was calculated for the [,
wl,, h,, wh,, h,, wh, norms and h,, wh;, h,, wh, seminorms.

Before starting the theoretical development, it is necessary to clarify the definitions of norm and
seminorm (Lebedev et al. 2002, Adams & Fournier 2003). Thus, consider a linear vector space S whose
generic elements are denoted by ¢. A norm |||, is defined in the space S if the real valued function
||, — R satisfies the following three properties:

) e+ @lm < lelm + 18], forall,¢ €5,
i) |Aelm = A el forall ¢ € S and all scalars A,
i) oll, > 0forall p €S, and |¢|,, = 0 if and only if ¢ = 0.

Aseminorm |¢| is defined in space S if the real valued function [o| ~— R satisfies the following three
properties:
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) lo+¢l, <lol, +1¢l, foralle,¢ €5,
i) [Apl = [Alle]  forall o € Sand all scalars A,

iii) || >0forallges, and o] =0ifp=0.

New vector norms, seminorms and errors for finite difference method

In functional analysis there are the well-known [2(€2), H'(€2) and H?(Q2) norms (Lebedev et al. 2002,
Adams & Fournier 2003, Evans 2010). These norms are used to estimate the error of the solution
and derivatives obtained by the finite element method (Brooks & Hughes 1982, Galedo & Carmo 1988,
Carmo & Alvarez 2003). The Euclidean vector norm, also known as [, norm, is the analogue of the L?(Q)
norm. However, as far as the authors know, there is no vector norm analogous to the standard function
space H'(Q) and H?(Q) norms. Here, the h, and h, vector norms are suggested as the analogues
of H'(Q) and H?(2) norms. These new norms allow defining new errors for the solutions and their
derivatives obtained by the finite difference method.

The analysis is performed for two finite difference schemes in one-dimensional (1D) and
two-dimensional (2D) cases, which are representative of the two ‘pathologies’ described in the
Introduction: spurious oscillations and the smearing effect. Second-order centered finite difference
presents spurious oscillations (numerical instability) in the presence of boundary layers when
convection is dominant. Upwind finite difference eliminates spurious oscillations (numerical stability)
in the presence of boundary layers when convection is dominant, but has the smearing effect.

1D case and 3-point stencil

In this case Q =]a, b[, and the standard function space L?(Q2), H'(Q) and H?(2) norms are defined by
the equations (3), (4) and (5), where |o| denotes the absolute value of a function or a vector (Lebedev
et al. 2002, Adams & Fournier 2003, Evans 2010).

b 3
lullz () = (/ uf’ dX) - (3)
b 2 7
lullie) = (/ ] dX) : (4)
b 2 7
lullie) = (/ {|U|2 + 1 dX) : (5)

These norms are defined in an infinite-dimensional space, with u being the exact solution of equation
(1). The Euclidean vector norm U], is the analogue of the L*(©2) norm for the numerical solution vector
U obtained by the finite difference method.

N, 7
Ul = (Z |Ui|2> ; (6)
i—

2 du
o+ |5

2
d?u

dx?

du

dx+
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where U; is the value of the approximated solution at grid point x;, and N, is the dimension of the
vector U. Therefore, this norm is defined in a finite-dimensional space. However, there is no vector
norm for the numerical solution U analogous to the H'(Q2) and H?(Q2) norms. Here, the h, and h,
norms are suggested for a finite-dimensional vector space:

1

N, 2
= (Z (U + \UE”\Z]) , )
=1

N, 2
1Ull, == (Z [|ui|2 + v + |u§2>|2D : (8)

1=1

where Uf” ~ < U 3re the approximate derivatives by cormstent finite difference
formulas. For example, equa’uons (10) and (11) define the formulas for U,. and U,. in the classical
centered scheme.
Thus, consider a uniform grids and 3-point stencil, the generic equation for the central node i of
the stencil is
AU;_; + BU; + CU;,, =, (9)

where U, = U(x; — h), U; = U(x;), Uiy, = U(x; + h) and h = Ax. The derivatives in the equation (1)
are approximated as follows (LeVeque 2007). Equation (10) is the traditional second-order accuracy
formula for ¢Y

d?u(x; Up 4 —2U; + U;
C‘jjx(;(«) ~ Ul(2) i h2l + I+1_ (10)
In the classical centered finite difference scheme (CC)
du(x: —U._,+ U;
d(Xl) Ul(jgc = I WZh l+17 (11)

then A= 72 — %, B= 2 and C = 72 + ~. On the other hand, for the upwind finite difference scheme
(UPW) (Courant et al. 1952)

—U+U
; —=— ifv>0
qut) ) :_{ e ey o (12)
fv<O

then

A=72—f B=84++¢ C=32 WV>0' (13)
A=2 B=2%_Y c=2+{ ifv<o

The local truncation error 7 is obtained by substituting the exact solution u into equation (9)
for each scheme (LeVeque 2007). Thus, using the notation u,@ = % the 7 for each scheme are

obtained.

D )\ h?
am:<wp—§u)6 o(h?). (14)
vu? 3
~Moh 4O ifv>o0
UPW: 7, = ME (%) . . (15)
——h+0(h?) ifv<o0
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The error of the numerical solution at each node i is defined as AU; = U;—u;, the error of the first
derivative as AUf” = Uf” —uf”, and the error of the second derivative as AU?2> = U,@ —u,@, where Uf”
is calculated using equations (11) or (12), and U@ is calculated using equation (10). The global error
of the solution and its derivatives is denoted by |EY|,., |[ESY"|,, and [|ESY”|,,, where | o |,, denotes
some vector norm.

Two versions of the Euclidean norm are used here. Equation (16) is the traditional Euclidean
vector norm. Equation (17) is a version proposed in the context of rectangular matrices, and can be
understood as mean values when compared to the [, (Alvarez et al. 2025). For this reason it was called a
weighted norm |o|,,,. Weighted norms were suggested in Alvarez et al. (2025) because using traditional
matrix norms (Euclidean, Maximum absolute column sum, Maximum absolute row sum, Frobenius) to
perform sensitivity analysis (Alvarez et al. 2021, de Almeida et al. 2021), the theoretical upper bounds
for the error were always greatly overestimated.

1
N, 3
IECYN, = (ZIAU,-Z) : (16)
i=1

1
2 GU
el

N
1 - 2
JEV = 7 (me ) -
X i=1

It should be noted that the weighted norm does not depend on the mesh shape, i.e,, equation
(17) is valid for both uniform and non-uniform meshes. Furthermore, these two versions of the
Euclidean norm are equivalent, since they are defined in a finite-dimensional vector space. The
geometric interpretation of both versions of the Euclidean norm is straightforward. The traditional
norm corresponds to the Euclidean length of a vector U in the N,-dimensional real vector space R"x.
The weighted norm corresponds to the average length of the components of the vector U in R'.

Thus, considering the errors AUE”, AUEZ) and the new h, and h, norms defined previously, it is
also possible to measure the global error in the following new norms.

(17)

<

i=1

N 3
2
|EY], = (Z [|Aui\2 +|au?| D . (18)

1
2

N
1T [ 2
[EU ), = N (Z {\Auif + ‘Aum ]) _ (19)
X

i=1

} 2
2 1712 2)1?
IESY]), ::( {|AU,—| +|au? +]au?| D . (20)

=1

1
2

1 - 2 2
IElun, = o ( [|AUI.‘2 +|au[ + [au?] D . (21)

X

1=1
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2D case and 5-point stencil

In this case, the standard function space L?(Q2), H'(Q2) and H?(Q) norms are defined by the equations
(22), (23) and (24) (Lebedev et al. 2002, Adams & Fournier 2003, Evans 2010).

ooy = ( [ 107 aby) (22)
Q
ou? ou :
Ul o) = (/ ul’ + || + PN ]dxdy> . (23)
Q
8u oul® |o%u o2u ou I’ :
lulle) = (/ﬂ e = I e 5| 2oy }dxdy) . (24)

Again, the Euclidean vector norm |[U|l, is the analogue of the L*(£2) norm for the numerical solution
vector obtained by the finite difference method.

lull, == (Z Uil ) (25)

1J=1

where U;; is the value of the approximated solution at grid point (x;,y;), and NN, is the dimension of
the vector U. Now, the new h, and h, norms are suggested:

1

Ny, N, ]
o, = (32 o+ i 7] (o)

ij=1

(S

NN,
= (35 [+ 5 4 F 2 2l ]) e
i =1

(1X) ~ Bu(x,,y}) (1)/) ~ 8U<Xny}) (2)() ~ 82U<ery]> (Zy) ~ au(ny/ 1X1y ~ a2u(xi7yj>
where U; 7 ~ =575, Ui ~ =5+, UT ~ =52+, UY ~ =57+ and U R g, are the

approximate derivatives by consistent finite difference formulas. Thus, con5|der a uniform grids and
5-point stencil, the generic equation for the central node i, of the stencil is

AUija + AU+ BU 4+ QUi+ QU g =i (28)
The derivatives in the equation (1) are approximated as follows (LeVeque 2007).

2’u(x;,y)) Uiy —2Uj +U/+1J

B ~ Ugj-x) = h2 (29)
‘92“8(;/'2’3//) ~ U = Vi 2;]2 Yin (30)
In the classical centered scheme
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thenA =—2 — 3 A =—2 -3, B=24+2 C=—L2+3and( = + 3%. 0On the other hand,
for the upwind scheme
7Ui—1 Y+Uiv .
au(xhyj) ~ U(1X) X + if vy > 0 (33)
X ij,uPw * —u,.,:u,w ifv, <0
—UpjatUy
ou(x;, ;) U™ —p— v, >0 (34)
y PLURY “tinify, <0
and depending on the sign of v, and v,, four possibilities arise. If v, > 0and v, > 0,then A, = —,Z\—C;,
Ay=-A—C,B=4tA+C,+C and C, = 6= —A, where A = hz,CA = %and C, = 2. Ifv; < 0 and
v, >0, then A, = —A—C,Ay=-AB=4A-C,+C(,C =-A+C and C2 —A.Ifv, >0and v, <0,

then A, = —A, A, :—A—CX,B_4A+CX C, C;=—Aand G, =—A+C,.Ifv, <0andv, <0, then
Al=A)=-AB=4tA-C—C,CG=-A+Cand G = -A+C(,. Ifv; =0, then C, = 0 and the case
according to the sign of v, should be chosen. Similarly, if v, = 0, then C, = 0 and the case according
to the sign of v, should be chosen.

Using the notation uf’r}?X) = W and uff}y) = %, the local truncation error is obtained for
each scheme.
CcC: 7, = [ ) +vu — g( Mu“‘”)] h62+(9(h3). (35)
h2
UPW: 7 = [Fv,u ™ Fv,u ] h+ [vu? +v,ul] & o), (36)

where the sign — or + in F depends on the sign of v; and v,.

Similarly to the 1D case, the errors at each node i,j are calculated as AU;; = U;; — uj, AU L
U —u, auy =u —ul, AuZ = U —u AU = U —u®), where U and U,.ij are
calculated usmg equations (31-32) or(33 34), and U 29 and U, 2y are calculated using equations (29-30).

All these vectors have dimension NN, thatis, the total number of nodes in the mesh. The global error
of the numerical solution and its derivatives is denoted by ||EGU||m IESY™ [0 IECY™ |, IECY™ ],y and
|ECY™||,.. However, in the 2D case two new errors arise: |[ESU"||,, for the first derivative and |ESU” |,
for the second derivative. These errors can be addressed as the sum of vectors EGU” FOU™ 4 gGU™
and EOU® = pOU® 4 pGU® | FGUMY) \yhare UMY — y(Xly) _ (W) () — and the mixed or

cross partial derivative can be approximated as

6 8y'

du(x;,y;) ~ U0V Uiprjpr = Uisg o = Ui + Ui (37)
oxoy e 4h? '

As will be seen later in the results, the cross derivative provides additional information in the analysis
of the error of each scheme, even if they are not part of the PDE.

The error measured in the two versions of the Euclidean norm analogous to the standard function
space L%(Q) norm are

Ny, N, 3
||EGU”12 = (Z ’AUU‘ > (38)
=
1

. Ny,N, 2

I,j=1
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Similarly, it is possible to measure the global error in the new h, and h, norms analogous to H'(Q)
and H%(Q).

1

Ny, N, 2
o, (Z a0, + |02 ] + au? \D | (“0)
ij=1

1

Ny,Ny 2
[ pp—— Z[\Au,,\ NI R INT ” . (41)
NN, \ 2
Ny, :
[, = (Z[|Au,,| AU+ AU+ AU+ au ] +2jau ) )
i
] NyoN, ]
£, = (Z a0, |0 + a0 802 +[au] +2]au]])
Ny \ {75
(43)

In addition, seminorms can also be introduced in a way analogous to how they are defined in
functional analysis. For example, the following h, and h, seminorms are suggested as analogs to the
H'(Q) and H?(Q2) seminorms (Lebedev et al. 2002, Adams & Fournier 2003, Evans 2010).

ou > i

|Ulie) = (/Q Uax 1d><dy> ~ (44)
2 3

|U|H2(Q’ (/l }dxdy) . (45)

&P P :

X
U, ;:< o) +\u,.;\]> | (4)
i,j=1

=

ou
oy

d%u
6‘y2

2 2
) o°u
oxoy

o2

Ny, N, 3
U, = (Z [l +2\U”W\]> - (@)

=
It should be noted that the equations (44) and (45) define seminorms in an infinite-dimensional space,
and the equations (46) and (47) define seminorms in a finite-dimensional vector space. Note that when
the exact solution v is a constant, then u™ = 0, u™) = 0, and u™ +u™) = 0 for every point (x,y) € Q.
Similarly, if the numerical solution U is a constant, then Uf}x) =0, Uf}y) =0, and Uf}x) + Uf}y) = 0 for
every point i,j in the grid. Therefore, the errors measured in the two versions of this seminorm are:

Ny,N, 2
ESU], = (Z UAU \ +|auY \D : (48)

I,j=1

1
NN, 7
|ECU |y, o= N1N (Z [\Au \ +|auY ]D : (49)

I,j=1
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1

Ny, N, 2
U7, = (Z [\Au I+ au® [ +2/aut)| D : (50)
i,j=1
1
pour) 1 S AU AU +2]|auY 2 (51)
| |Wn2~—w jZU ‘JF’ ’*‘ ” : >

To conclude this section, it should be said that all the norms and seminorms suggested above
can be generalized to the well-known LP and [, spaces defined by the equations (52) and (53) for p > 1.
Here only the suggestions for the case p = 2 have been presented. Furthermore, the new norms and
seminorms remain valid if u and U are functions of complex variables.

%
6oy = ( / |ude) . (52)
Q

NN,
ul, = (Z |u,,|"> (53)

1J=1
As a special case the maximum or infinite norm is obtained, which is the limit when p tends to infinity
in equation (53) and coincides with its weighted version (Alvarez et al. 2025).

UL, = UL, = max U [} == 1Vl (54)

1</<N

max

Furthermore, it is possible to demonstrate that always U], < |U[|,_ <
be seen as an upper bound for |U],,, weighted norm.

s SO the infinite norm can

RESULTS AND DISCUSSION

Often, articles that evaluate the performance of numerical methods present the solution of each
numerical method and compare it with the exact solution when known. In cases where the exact
solution is not known, the comparison is made with a numerical solution for a very refined mesh,
assuming that the latter must be very close to the exact solution. Some exact solutions are known for
the 1D case, but for the 2D case they are scarcer. On the other hand, this type of solution comparison is
a more qualitative than quantitative analysis, since the calculation of the global error is not presented.
In the finite element framework, it is possible to estimate global errors in the L?, H' and H?> norms.
However, so far, in the finite difference framework it is only possible to estimate global errors in the [,
norm because there were no equivalent h, and h, norms. This work is an advance in two directions:
new norms and seminorms, and new exact solutions.

Exact solutions as a benchmark for 1D and 2D cases

The model problems in 1D and 2D were divided into two groups that allow the evaluation of the
effects of the two ‘pathologies’. The first group contains cases without boundary layers, where the
exact solution is smooth. These cases allow the verification of the convergence rates expected by the
theoretical error estimate a priori, in addition to examining the amount of smearing effect present
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in the numerical solution. The second group contains cases with boundary layers, which allow the
verification of the presence of both ‘pathologies’: spurious oscillations and the smearing effect.

1D cases without boundary layers

Problem with smooth solution: Consider the equation (1) in © =]0,1[ with constant D and v, f(x) =
m[Dmsin (mx) + v cos (nx)], boundary conditions u(x = 0) = 0 and u(x = 1) = 0. This problem has the
smooth exact solution u € C>(Q) described by u(x) = sin (x), whose derivatives are % = 7 cos (7x)
and % = —7? sin (7x).

Figure 1 contains several subfigures grouped into five rows, where each row contains three
subfigures. In the top row are shown: the exact solution together with the numerical solutions of
the CC and UPW schemes (left), the first derivative of the exact and numerical solutions calculated
using equation (11) for the CC scheme and equation (12) for the UPW scheme (center), and the second
derivative of the exact and numerical solutions using equation (10) for both schemes (right). The
derivatives of the numerical solutions were not calculated at the boundary points, since at these
points the equations (11), (12) and (10) that determine the matrix of the linear system cannot be
used. This has no impact on the error in the [, norm because at these points the numerical solution
coincides with the exact one, since the Dirichlet boundary condition is strongly required. In general,
the numerical solutions and their derivatives show a behavior similar to that of the exact solution
for this local Péclet number (P, = % = 2.5). It can be seen that the solution of the UPW scheme is
further away from the exact solution than that of the CC scheme. The behavior of the two derivatives
of the UPW scheme moves away from the exact derivatives at points close to the right boundary.

In the second row of Figure 1, the global error as a function of h (lower axis) and P, (upper axis) is
shown for both schemes. The global error measured in the [, norm (left) is calculated using equation
(16). The global error in the h, norm uses equation (18) (center), and the global error in the h, norm is
calculated with equation (20) (right). For the same reasons mentioned above, all errors are calculated
without considering the boundary points. The main highlight here is that in the new h, and h, norms
the global error of the UPW scheme is not always monotonically decreasing as is the case with the
error of the CC scheme. In these two norms the asymptotic region is reached for meshes much finer
thanin the [, norm. This indicates that the first and second derivatives of the UPW scheme are not very
well approximated when compared to the CC scheme, although the same equation (10) was used to
calculate the matrix of the linear system. Furthermore, this observation cannot be noticed by analyzing
only the solution curves and the error in the [, norm, showing the benefit of comparing the numerical
derivative curves and measuring the global error in the new h, and h, norms. In addition, for each
scheme the approximate starting point of the asymptotic convergence region in the [, norm (hg,) is
shown with a dashed vertical line, which is retained in the h, and h, norms for comparison purposes.
Straight lines parallel to the curve of each global error and its approximate slope value m are shown.
The slope m determines the actual rate of convergence of each scheme at this point h (mesh). The
convergence rate of the CC scheme is higher than that of the UPW scheme for all norms.

The third row of Figure 1 shows the global errors in the wl,, wh, and wh, weighted norms using
equations (17), (19) and (21). In these weighted norms the error is always monotonically decreasing. It

can be noted that the asymptotic region in the wh, and wh, norms starts for more refined meshes
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Figure 1. Exact and numerical solutions, their derivatives and errors in different norms and seminorms for D = 0.01,
v = 1. Top row shows the exact and numerical solutions (left), first derivative of them (center), second derivative of
them (right). Second row shows the global error in the [, (left), h, (center), h, (right) norms. Third row shows the
global error in the wi, (left), wh, (center), wh, (right) weighted norms. Fourth row shows a zoom on the Y-axis for the
first derivative (left), the global error in the h, seminorm (center) and wh, weighted seminorm (right). Fifth row
shows a zoom on the Y-axis for the second derivative (left), the global error in the h, seminorm (center) and wh,

weighted seminorm (right).
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when compared to the wl, norm, with the wh, norm being the most refined of all. In other words, the
error of the second derivative is greater than that of the first derivative, which in turn is greater than
the error of the solution. In addition, there is a notable difference in the error behavior for the wh;,
and wh, norms when compared to the h,; and h, norms, indicating that the weighted norms may be
more appropriate for the numerical analysis of the schemes.

The fourth row shows: a zoom on the Y-axis for the first derivative (left), the error in the h,
seminorm uses equation (48) (center), and the error in the weighted wh, seminorm uses equation (49)
(right). It can be noted that the asymptotic region in the h, and wh, seminorms starts for more refined
meshes when compared to the wl, norm. Again, there is a notable difference between the behavior
of the error in the wh, seminorm and the h, seminorm, showing that the weighted seminorm may be
more appropriate for numerical analysis of the schemes.

The fifth row shows: a zoom on the Y-axis for the second derivative (left), the error in the h,
seminorm uses equation (50) (center), and the error in the weighted wh, seminorm uses equation
(51) (right). It can be noted that the asymptotic region in the h, and wh, seminorms starts for more
refined meshes when compared to the wl, norm. Again, the difference between the error behavior
in the wh, seminorm and the h, seminorm is visible, confirming that the weighted seminorm may
be more appropriate for the numerical analysis of the schemes. Furthermore, with the global error
measured in the h, and h, seminorms, it is possible to state that the low convergence rates of the
UPW scheme in the h, and h, norms are caused by the low accuracy of the derivatives for this scheme,
although the subfigures with the zoom of the derivatives show an apparently acceptable behavior.

Everything found in this model problem, whose exact solution is smooth, highlights the benefits of
including in the analysis of the schemes the global error measured in the new norms and seminorms
proposed in this work. Another interesting fact to highlight is that the asymptotic convergence rates
of both schemes are different. The global error of the CC scheme has as asymptote the straight line
with slope md¢ = —2.5 for all weighted norms and weighted seminorms, while the UPW scheme
has as asymptote the straight line with slope md"¥ = —1.5. When weighted norms are not used,
the global error of the CC scheme has as asymptote the straight line with slope m3© = —1.5 for
all norms and seminorms, while the UPW scheme has as asymptote the straight line with slope
maUPW — _0.50. It is possible to note that the asymptotic convergence rates verify the following
relationship m3h = ma>h 1 where for each scheme md<" denotes the asymptotic rates measured
in the weighted norms or seminorms and mgsm in the classical norms or seminorms. Furthermore,
comparing the asymptotic convergence rates of both schemes for the same norm or seminorm, the
following relationship my™ = m% + 11s verified, where # = c or # = w. This last relation shows
that the CC scheme has one order more in the asymptotic convergence rate than the UPW scheme.

1D cases with boundary layers

Problem with external boundary layer: Consider the equation (1) in © =]0,1[ with constant D and
v > 0, f(x) = 0, boundary conditions u(x = 0) = 1and u(x = 1) = 0. The exact solution of this

problem u(x) = % has a boundary layer near the point x = 1when v >> D, whose derivatives
du _ ve b0 Ry _ e b0 o 2
are oy = o[ ] and %z oot If it is assumed that v # 0, then at least u € C*(f2) as can be

seen in Figure 2.
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Figure 2. Exact and numerical solutions, their derivatives and errors in different norms and seminorms for D = 0.01,
v = 1. Top row shows the exact and numerical solutions (left), first derivative of them (center), second derivative of
them (right). Second row shows the global error in the [, (left), h, (center), h, (right) norms. Third row shows the
global error in the wi, (left), wh, (center), wh, (right) weighted norms. Fourth row shows a zoom on the Y-axis for the
first derivative (left), the global error in the h, seminorm (center) and wh, weighted seminorm (right). Fifth row
shows a zoom on the Y-axis for the second derivative (left), the global error in the h, seminorm (center) and wh,
weighted seminorm (right).

An Acad Bras Cienc (2025) 97(4) €20241417 14 | 36



GUSTAVO B. ALVAREZ et al. NEW VECTOR NORMS, SEMINORMS AND EXACT SOLUTIONS

In the top row of Figure 2 are shown: the exact solution together with the numerical solutions of
the CC and UPW schemes (left), the first derivative of the exact and numerical solutions calculated
using equation (11) for the CC scheme and equation (12) for the UPW scheme (center), and the second
derivative of the exact and numerical solutions using equation (10) for both schemes (right). Again,
the derivatives of the numerical solutions were not calculated at the boundary points for the same
reasons given in the previous model problem. The solution of the CC scheme and its derivatives show
the ‘pathology’ of spurious oscillations for this local Péclet number (P, = 2.5), since the problem has
an external boundary layer. Due to the scale of the Y-axis, it is not possible to observe these spurious
oscillations for the derivatives, but they become evident with the zoom shown in the fourth and fifth
rows of Figure 2. The solution of the UPW scheme and its derivatives do not present this ‘pathology’
as is already well known in the literature.

In the second row of Figure 2, the global error as a function of h (lower axis) and P, (upper axis) is
shown for both schemes. The global error measured in the [, norm (left) is calculated using equation
(16). The global error in the h, norm uses equation (18) (center), and the global error in the h, norm
is calculated with equation (20) (right). All errors are calculated without considering the boundary
points. The main highlight here is that in the [, norm the error of the CC scheme is monotonically
decreasing, while that of the UPW scheme is not. However, due to spurious oscillations, the error of
the CC scheme is higher for meshes with P, > 1. For meshes with P, < 1, the error of the CC scheme
becomes smaller than that of the UPW scheme. In the h, and h, norms, the global error of both
schemes loses monoticity. The beginning of the asymptotic convergence region of the CC scheme
corresponds to a coarser mesh than that of the UPW scheme, and the convergence rate of the CC
scheme is higher than that of the UPW scheme for all norms. It can be noted that the asymptotic
region in the h; and h, norms starts for more refined meshes (hy, and hy,) when compared to the L,
norm (ho), i.e, hgy < hgy < hgo-

The third row of Figure 2 shows the global errors in the wl,, wh, and wh, weighted norms using
equations (17), (19) and (21). There is a notable difference in the error behavior for the wh, and wh,
norms when compared to the h, and h, norms. For the UPW scheme in the wh, and wh, weighted norms
there is a region where the monoticity of the error undergoes significant changes (1 5 — log,,(h) = 2.1),
presenting a local minimum and two local maxima. This indicates that the first and second derivatives
of the UPW scheme are not well approximated in this region. The error begins to behave in a manner
close to the expected asymptotic only after this region. It should be noted that a large part of this
region corresponds to P, < 1, and this behavior is unprecedented as far as the authors know. This
behavior can also be noticed by analyzing the error in the h, and h, norms. Furthermore, this behavior
cannot be noticed by analyzing only the error in the [, and wl, norms, since it only appears in the h;,,
h,, wh, and wh, norms. On the other hand, in this same region the error of the CC scheme in the
wh, and wh, weighted norms already approaches the expected asymptotic behavior. In addition to all
that has been said, comparing these six norms for each scheme, it is possible to notice that the mesh
parameter h that produces the largest error is not the same for all norms. In other words, it is not the
same mesh refinement that produces the largest error for each of these norms.

The fourth row shows: a zoom on the Y-axis for the first derivative (left), the error in the h,
seminorm uses equation (48) (center), and the error in the weighted wh, seminorm uses equation (49)
(right). With this zoom, it is possible to notice the spurious oscillations of the CC scheme. Again, there
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is a notable difference between the behavior of the error in the wh, seminorm and the h, seminorm.
On the other hand, comparing the errors in the h,, wh, norms and seminorms, it is possible to state
that this unknown behavior of the global error for the UPW scheme occurs because in the region
—1 5 log,,(P.) = 0.5 the first derivative of the scheme is not yet well approximated. In addition, it
can be noted that the asymptotic region in the h, and wh, seminorms starts for more refined meshes
when compared to the wl, norm.

The fifth row shows: a zoom on the Y-axis for the second derivative (left), the error in the h,
seminorm uses equation (50) (center), and the error in the weighted wh, seminorm uses equation (51)
(right). Again, the difference between the behavior of the global error in the wh, seminorm and the h,
seminorm is visible. On the other hand, comparing the errors in the h,, wh, norms and seminorms, it
is possible to state that this unknown behavior of the global error for the UPW scheme occurs because
in the region —1 5 log, (P.) £ 0.5 the second derivative of the scheme is not yet well approximated.
In summary, in the region 0.37 £ P, < 1.65 the first and second derivatives of the UPW scheme are
still not well approximated, only for mesh with P, < 0.37 the derivatives begin to behave as expected
for the asymptotic region. In other words, meshes with P, ~ 1 do not guarantee a good approximation
for the solution and the derivatives of the UPW scheme, requiring more refined meshes.

All that was found in this model problem, whose exact solution has an external boundary layer,
again highlights the benefits of including in the analysis of the schemes the global error measured in
the new norms and seminorms proposed in this work. Another interesting fact to highlight is that the
asymptotic convergence rates of both schemes are the same as in the previous model problem, also
verifying the same relationships already mentioned: m#*®" = m@>" +1and mg/"" = m4€ +1.

Problem with internal boundary layer: Consider the equation (1) in © =]0,1[ with constant D and

25 o b=B) oy _ _ u — — u
v>0f(x) = 2DU7{1+e*%<X*ﬁ>r' boundary conditions u(x = 0) = . and u(x = 1) = TR The
exact solution of this problem u(x) = W% has a boundary layer near the point x = S when

e
o Ve _ o BB o b x=B) _ . .
v >> D, whose derivatives are 9 = ¥i—¢-2" and 24 = (£y2g& e 2" This exact solution

is at least u € C*(2) as can be seen in Figure 3.

In the top row of Figure 3 are shown: the exact solution together with the numerical solutions of
the CC and UPW schemes (left), the first derivative of the exact and numerical solutions calculated
using equation (11) for the CC scheme and equation (12) for the UPW scheme (center), and the second
derivative of the exact and numerical solutions using equation (10) for both schemes (right). Again,
the derivatives of the numerical solutions were not calculated at the boundary points. As mentioned
before, this does not impact the error in the [, norm, only the errors in the h,, h,, wh,, wh, norms and
seminorms are underestimated. The solution of the CC scheme and its derivatives show the ‘pathology’
of spurious oscillations for this Péclet number (P, = 2.5), since the problem has an internal boundary
layer. Due to the scale of the Y-axis, it is not possible to observe these spurious oscillations for the
derivatives, but they become evident with the zoom shown in the fourth and fifth rows of Figure 3.
The solution of the UPW scheme and its derivatives do not present this ‘pathology’ as is already well
known in the literature.

[1+e’%“’mr
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Figure 3. Exact and numerical solutions, their derivatives and errors in different norms and seminorms for D = 0.01,
v=1,0="1and $ = 0.5. Top row shows the exact and numerical solutions (left), first derivative of them (center),
second derivative of them (right). Second row shows the global error in the [, (left), h, (center), h, (right) norms.
Third row shows the global error in the wl, (left), wh, (center), wh, (right) weighted norms. Fourth row shows a zoom
on the Y-axis for the first derivative (left), the global error in the h, seminorm (center) and wh, weighted seminorm
(right). Fifth row shows a zoom on the Y-axis for the second derivative (left), the global error in the h, seminorm
(center) and wh, weighted seminorm (right).
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In the second row of Figure 3, the global error as a function of h (lower axis) and P, (upper axis) is
shown for both schemes. The global error measured in the [, norm (left) is calculated using equation
(16). The global error in the h, norm uses equation (18) (center), and the global error in the h, norm
is calculated with equation (20) (right). All errors are calculated without considering the boundary
points. Due to spurious oscillations the error of the CC scheme is larger than the error of the UPW
scheme up to a certain value of P,. In the ,, h, and h, norms the error of both schemes presents a
similar behavior. As expected, the convergence rate of the CC scheme is greater than that of the UPW
scheme in all norms for the asymptotic region.

The third row of Figure 3 shows the global errors in the wl,, wh, and wh, weighted norms using
equations (17), (19) and (21). The fourth row shows: a zoom on the Y-axis for the first derivative (left),
the error in the h; seminorm uses equation (48) (center), and the error in the weighted wh, seminorm
uses equation (49) (right). The fifth row shows: a zoom on the Y-axis for the second derivative (left),
the error in the h, seminorm uses equation (50) (center), and the error in the weighted wh, seminorm
uses equation (51) (right).

Everything found in this model problem, whose exact solution has an internal boundary layer,
highlights the benefits of including in the analysis of the schemes the global error measured in the
new norms and seminorms proposed in this work. Another interesting fact to highlight is that the
asymptotic convergence rates of both schemes are the same as in the two previous model problems,
also verifying the same relationships already mentioned: m&*®" = m@>" +1and my/™ = m4© +1.

Table | presents absolute global errors for the three model problems analyzed in 1D case. Six
vector norms are used to calculate these errors. The usual norm or euclidean norm and five other new
norms introduced for the first time in this study. That is, the ,, h,, h, norms and their respective wl,,
wh,, wh, weighted norms. Errors are calculated for the two classical schemes analyzed in this study:
centered and upwind. Two different values of the diffusion coefficient D and three mesh parameters
h are used for each model problem. It is possible to note that wi,, wh,, wh, weighted norms are more
appropriate than [,, hy, h, norms as it had already been observed in Figures 1,2 and 3. In addition, errors
in hy, h, norms are larger than in [, norm, as they include the errors of the first and second derivative
respectively. It should be noted that in the problem with smooth solution the errors of the second
derivative for the upwind scheme are much larger than those of the centered scheme, needing very
refined meshes with low Péclet number to get acceptable errors. For this type of problem the centered
scheme has good accuracy for the solution, the first derivative and second derivative. In problems with
boundary layers the errors of the second derivative are large for both schemes.

2D cases without boundary layers

Problem with smooth solution: Consider the equation (1) in Q = (0,1) x (0,1) with constant D and
V= (V,V),
2 E[

flx,y) = D%[sin(wx) + sin(ny)] + % cos(mx) + v, cos(ny)], (55)

and boundary conditions such that the exact solution is u(x,y) = 1[sin(mx) + sin(wy)] € C>=(Q). This
problem is very interesting because gfgx =0.
Figure 4 contains several subfigures grouped into six rows, where each row contains three

subfigures. In the top row are shown: the exact solution (left), its first derivative in x (center), and its
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Table I. Global error in six norms as a benchmark for the 1D case.

NEW VECTOR NORMS, SEMINORMS AND EXACT SOLUTIONS

b, I, IE<1n, IECr, IE€ IE IE e
1P, VP, 1P, JESP ], 1P, [EP# ),
Problem with smooth solution: D = 0.01, v = 1.
0.1—=5.0 3.64085%102 3.65066x102 2.69986x10~" £4.04539%1073 £4.05629x1073 2.99985%1072
5.68378 x10~" 6.31841x10~" 2.76062x10" 6315311072 7.02046 %102 3.067361728
0.02 1.0 3.22451x1073 3.26954x10~3 5.41713%x1072 6.58064x10° 6.67253x10° 110553x1073
2.66262x107" 7.89313x10" 7.43089%10" 5.43392x1073 1.61084x1072 1.516509571
0.002 — 0.1 1.01923x10~* 1.06281x10~* 3.01391x1073 2.04256 %1077 212988x10~7 6.03990x10~°
8.52480%1072 7.94077x107" 7.89528 x10" 1.70837x107% 1.59133x1073 1.58222x1072
Problem with smooth solution: D = 0.001, v = 1.
0.01— 5.0 116094x 1073 116112x10~3 2.01289x1072 117267x107° 117284x107° 2.03322x107*
1.91273%10~" 3.23473%x107" 2.60863x10% 1.93205x1073 3.26741x1073 2.634984716
0.002 — 1.0 1.03826x107 1.03956x10~* 519409 %1073 2.08069x10~7 2.08329x1077 1.04090x107°
8.58713x 1072 7.45467x107" 7.40505x10? 172086 %10~ 1.49392x1073 1.483978727
0.0002 — 0.1 3.28327%10°° 3.29673%x10°° 2.97586x10~* 6.56786x10~10 6.59478 %1010 5.95291x1078
271845% 1072 7.89824x107" 7.89356 %107 5.43798x107° 15799610~ 1.57902x 107"
Problem with external boundary layer: D = 0.01, v =1.
0.1—5.0 919527x10~" 3.897894044, 3.78808x%10? 1.02169%x10~" £4.33099 %10~ £4.20898x%10"
912418 %1072 8.30389x10~" 8.25403% 10" 1.01379x1072 9.22655x 1072 9171148054
0.02 1.0 1.36591x10~" 116153x 10" 116151x 103 278759%1073 2.37047x10~" 2.37042x10"
221746 %10~ 3.249384266 3.24197x10? £4.52543%1073 6.63139x1072 6.616269419
0.002 — 0.1 3.73969%x 103 1172428913 117248 102 7.49438 %1070 2.34955%1073 2.34966x10"
1.05867x107" 1.80439%10" 1.80445x10° 212158 10~* 3.61603x 1072 3.616149726
Problem with external boundary layer: D = 0.001, v = 1.
0.01 — 5.0 8.94461x107" 3.72447%10" 3.72339x10* 0.03495%1073 37620910~ 3.761009 x 102
912418 %1072 8.254119849 8.25361x10° 9.21635x10™* 8.33749x1072 8.33698x 10"
0.002 — 1.0 1.36591x10~" 116145 %102 116145x10° 273731x107% 2.32756x10~" 2.32756 %102
221746 %107 3.24188x10" 3.24181x10% 4.44381x1074 6.49676x 1072 6.49661x10"
0.0002 — 0.1 373969x1073 147242%10" 117242 x10% 7.48089x10~7 2.34531x1073 2.345316133
1.05867x107" 1.80436 %102 1.80436%10° 211776 107> 3.60945% 1072 3.60946x10"
Problem with internal boundary layer: D = 0.01, v = 1.
0.1 5.0 5.588840510 1.43144x10" 1.31791x10° 6.20982x10~" 1.590499860 1.46435x10?
3.554068790 4.861175790 3.31692x10? 3.94896x10~" 5.40131x107" 3.68547x10"
0.02 = 1.0 9.66171x10~2 14661116234 466034102 197177x1073 0.51248 X102 0.510914021
2.52825x107" 5.330358943 5.32462 %102 515969x 1073 1.08782x10~" 1.08665x10"
0.002 — 0.1 2.34414x1073 8264311072 8261404872 4697681076 1.65617x10~* 1.65559 102
8.38739x1072 2309430925 2.30802x10? 1.68083x10~* £4.62811x1073 £4.62529 %107
Problem with internal boundary layer: D = 0.1, v = 5.
0.2 5.0 1.339005717 1.819341166 616114x10" 3.34751x 107" £4.54835%107" 1.54028x10"
1161718403 1.281276560 2.70525%10" 2.90429x107" 3.20319x10~" 6.763142791
0.04 — 1.0 9.09779x10~2 772443x107" 3.83611x10" 379074x1073 3.21851x10~2 1598381182
2.35363x107" 3.050616716 1.52106x10? 9.80682x1073 1.27109%10~" 6.337782408
0.004 — 0.1 2.34414x1073 4137141072 2.065662213 9.41423%x107° 1.66150x10~* 8.20583x1073
8.38738x102 1156997805 5.77092x10" 3.36842x10~* 4.64657x1073 231764107

first derivative in y (right). The derivatives of the exact solution were not calculated at the boundary
points to facilitate comparison with the derivatives of the numerical solutions. In the second row of
Figure 4 are shown: the numerical solution of the CC scheme (left), its first derivative at x (center), and
its first derivative at y (right). For the same reasons as in the 1D case, all derivatives of the numerical
solutions were not calculated at the boundary points. Third row shows: the numerical solution of the
UPW scheme (left), its first derivative at x (center), and its first derivative at y (right). Fourth row shows:
the second derivative at x of the exact solution (left), its second derivative at y (center), and its second
derivative crossed at x and y (right). The fifth row shows: the second derivative at x of the numerical
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solution of the CC scheme (left), its second derivative at y (center), and its second derivative crossed
at x and y (right). Finally, the sixth row shows: the second derivative at x of the numerical solution of
the UPW scheme (left), its second derivative at y (center), and its second derivative crossed at x and
y (right). It can clearly be seen that the biggest difference with the exact solution for both schemes is
in all second-order derivatives, but this type of comparison is more qualitative than quantitative. The
first derivatives of the UPW scheme differ more from the exact ones than the first derivatives of the
CC scheme, showing a greater smearing effect. Even so, the first derivatives of both schemes appear
to have an acceptable accuracy. This is the type of solution comparison often presented in articles
evaluating the performance of numerical methods, but with the difference that here all the derivatives
of the exact and numerical solution up to the second order are presented.

Although Figure 4 presents very interesting results, Figure 5 contributes even more to the
numerical analysis of both schemes, since it presents the errors measured in the [, (left of the first
row), h, (center of the first row), h, (right of the first row), wl, (left of the second row), wh, (center of the
second row) and wh, (right of the second row) norms. The derivatives of the numerical solutions were
calculated using equations (29-30), (31-32) and (33-34), which do not include the boundary points.
The main highlight here is that the global errors in the [,, h, and h, norms are not monotonically
decreasing for the UPW scheme in the asymptotic region of convergence. This may lead one to
believe that the UPW scheme is not convergent, since the errors of the CC scheme are monotonically
decreasing. However, the errors in the wl,, wh, and wh, weighted norms are monotonically decreasing,
showing that both schemes are convergent. Again, this is an argument in favor of including the errors
measured in the weighted norms in the analysis. The blue and red dashed vertical lines mark the
approximate starting point (h,,) of the asymptotic convergence region in the [, norm for the CC and
UPW schemes respectively. These same lines were retained across all norms for comparison. The
asymptotic convergence region of both schemes in the [, and wl, norms is reached. However, this does
not occur for the h,, wh,, h, and wh, norms, indicating the need for finer meshes for an adequate
approximation of the derivatives. This behavior is again confirmed in all seminorms of Figure 6. In
addition, the convergence rates calculated with the wl,, wh, and wh, weighted norms are closer to
the theoretically expected ones a priori than those calculated with the [,, h, and h, norms.

Figure 6 presents the errors measured in the h, seminorm uses equation (48) (left of the first
row), h, seminorm uses equation (50) (center of the first row), wh, seminorm uses equation (49) (left
of the second row) and wh, seminorm uses equation (51) (center of the second row). In addition, the
errors of the second cross derivative measured in the h, seminorm (right of the first row) and wh,
seminorm (right of the second row) are presented. These last two subfigures allow us to evaluate the
impact of the cross derivative on the global error of each scheme, which is another novelty of this
work. As can be seen, the error increases as the approximations of the derivatives are included in the
analysis. Comparing the error in the h, or wh, norm with the error in the h, or wh, seminorm, it can
be concluded that the contribution of the derivatives to the global error is greater than that of the
solution (error in the [, or wl, norm). This same conclusion remains valid when comparing the error
in the h, or wh, norm with the error in the h, or wh, seminorm. Furthermore, the contribution of the
cross derivative to the error in the h, or wh, norm and h, or wh, seminorm is very significant, even
though this derivative is not part of the partial differential equation (PDE).
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Figure 4. Exact and numerical solutions, their derivatives for D = 0.02, v = (1,2), h = 0.05and P, ~ 2.8.
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Figure 5. Global errors in the ,, h,, h,, wl,, wh, and wh, norms for D = 0.02, v = (1,2).
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Figure 6. Global errors in the h,, h,, wh,, wh, seminorms and the cross derivative for D = 0.02, v = (1,2).

Another interesting fact to highlight is that the asymptotic convergence rates of both schemes are
different. The global error of the CC scheme has as asymptote the straight line with slope mdtt = —3 for
all weighted norms and weighted seminorms, while the UPW scheme has as asymptote the straight line
with slope maU"" = —2 When weighted norms are not used, the global error of the CC scheme has as
asymptote the straight line with slope m3«¢ = —1for all norms and seminorms, while the UPW scheme
has as asymptote the straight line with slope maU"" = 0. It is possible to note that the asymptotic
convergence rates verify the following relationship m%¢" = ma>h 12 where for each scheme mg>h
denotes the asymptotic rates measured in the weighted norms or seminorms and m3" in the classical
norms or seminorms. Furthermore, comparing the asymptotic convergence rates of both schemes for
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the same norm or seminorm, the following relationship m3/"" = m%© + 1is verified, where # = c or
# = w. This last relation shows that the CC scheme has one order more in the asymptotic convergence
rate than the UPW scheme.

2D cases with boundary layers

Problem with external boundary layer and advection skew to the mesh: Consider the equation (1) in
Q= (0,1) x (0,1) with constant D and v = (v, v,), f(x,¥) = 0, and boundary conditions such that the
exact solution is u(x,y) = 1— ed =) — 30~ 4 elF-D+F0-N which is at least u € C2(Q) as can
be seen in Figure 7. This model problem presents two external boundary layers when v; >> D and
v, >> D, which are transversal and located near the boundaries x =Tand y = 1.

Similar to the previous model problem, Figure 7 contains several results grouped into six rows,
and each row contains three subfigures. In the top row are shown: the exact solution (left), its first
derivative in x (center), and its first derivative in y (right). The derivatives of the exact solution were
not calculated at the boundary points to facilitate comparison with the derivatives of the numerical
solutions. In the second row of Figure 7 are shown: the numerical solution of the CC scheme (left),
its first derivative at x (center), and its first derivative at y (right). For the same reasons as in the
1D case, all derivatives of the numerical solutions were not calculated at the boundary points. Third
row shows: the numerical solution of the UPW scheme (left), its first derivative at x (center), and its
first derivative at y (right). Fourth row shows: the second derivative at x of the exact solution (left), its
second derivative at y (center), and its second derivative crossed at x and y (right). The fifth row shows:
the second derivative at x of the numerical solution of the CC scheme (left), its second derivative at y
(center), and its second derivative crossed at x and y (right). Finally, the sixth row shows: the second
derivative at x of the numerical solution of the UPW scheme (left), its second derivative at y (center),
and its second derivative crossed at x and y (right). It can clearly be seen the spurious oscillations in
the solution of the CC scheme and the smearing effect in the solution of the UPW scheme. These two
‘pathologies’ also appear in all first and second order derivatives, but this type of comparison is more
qualitative than quantitative.

Figure 8 contributes even more to the numerical analysis of both schemes, since it presents
the errors measured in the [, (left of the first row), h, (center of the first row), h, (right of the first
row), wl, (left of the second row), wh, (center of the second row) and wh, (right of the second
row) norms. The derivatives of the numerical solutions were calculated using equations (29-30),
(31-32) and (33-34), which do not include the boundary points. The main highlight here is that the
global errors in the [,, h; and h, norms are not monotonically decreasing for the UPW scheme in
the asymptotic region of convergence. This may lead one to believe that the UPW scheme is not
convergent, since the errors of the CC scheme are monotonically decreasing in the asymptotic region
of convergence. However, the errors in the wl,, wh, and wh, weighted norms are monotonically
decreasing, showing that both schemes are convergent. Again, this is an argument in favor of including
the errors measured in the weighted norms in the analysis. On the other hand, the global errors in the
h, and h, norms are not monotonically decreasing for the CC scheme in the pre-asymptotic region of
convergence, indicating the need for finer meshes for an adequate approximation of the derivatives.
In addition, the convergence rates calculated with the wl,, wh, and wh, weighted norms are closer to
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Figure 7. Exact and numerical solutions, their der
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the theoretically expected ones a priori than those calculated with the [,, h, and h, norms. Another
important highlightis that the asymptotic region of the CCscheme in the [, norm is reached for meshes
with log,, P, & —0.5 (P, 5 0.32), while for the UPW scheme log P, & —1.3 (P, 5 0.05) is required.
In other words, very refined meshes are necessary to ensure that the global error in the [, norm is in
the asymptotic region of convergence. If the derivatives are considered (h, and h, norms), then even
more refined meshes are necessary to ensure that the derivatives present an accuracy corresponding
to the asymptotic region of convergence.
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Figure 8. Global errors in the |,, h,, h,, wl,, wh, and wh, norms for D = 0.02, v = (1,2).

Figure 9 presents the errors measured in the h, seminorm uses equation (48) (left of the first
row), h, seminorm uses equation (50) (center of the first row), wh, seminorm uses equation (49) (left
of the second row) and wh, seminorm uses equation (51) (center of the second row). In addition, the
errors of the second cross derivative measured in the h, seminorm (right of the first row) and wh,
seminorm (right of the second row) are presented. These last two subfigures allow us to evaluate the
impact of the cross derivative on the global error of each scheme. As can be seen, the error increases
as the approximations of the derivatives are included in the analysis. Comparing the error in the h,
or wh; norm with the error in the h, or wh, seminorm, it can be concluded that the contribution of
the derivatives to the global error is greater than that of the solution (error in the [, or wl, norm). This
same conclusion remains valid when comparing the error in the h, or wh, norm with the error in the
h, or wh, seminorm. Furthermore, the contribution of the cross derivative to the error in the h, or wh,
norm and h, or wh, seminorm is very significant, even though this derivative is not part of the PDE.
Another interesting point is that the error behavior for the second cross derivative of both schemes is
similar up to a certain refinement of the mesh, and subsequently for more refined meshes the error
of both schemes gets closer and closer to its asymptote.

The asymptotic convergence rates of both schemes are different and follow the same pattern
as the previous model problem. The global error of the CC scheme has as asymptote the straight
line with slope mit¢ = —3 for all weighted norms and weighted seminorms, while the UPW scheme
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Figure 9. Global errors in the h,, h,, wh,,wh, seminorms and the cross derivative for D = 0.02, v = (1,2).

has as asymptote the straight line with slope md'"" = —2 When weighted norms are not used, the
global error of the CC scheme has as asymptote the straight line with slope m3¢¢ = —1 for all norms
and seminorms, while the UPW scheme has as asymptote the straight line with slope ma""" = 0. It
is possible to note that the asymptotic convergence rates verify the following relationship mash =
ma>" + 2. Again, comparing the asymptotic convergence rates of both schemes for the same norm or
seminorm, the following relationship m%éUPW = m%fc +1is verified, which indicates that the CC scheme
has one order more in the asymptotic convergence rate than the UPW scheme.

Problem with internal boundary layer and advection skew to the mesh: Consider the equation (1) in
Q= (0,1) x (0,1) with constant D and v = (v;, v,),

h
D

>2 + (ﬁ)2i| [u(x,y)]z |:’| _ u(X,y)e*%[vw(xfﬂ)‘wz()/*ﬁ)]] e*%[‘/ﬂX*ﬁ)JFVz(y*ﬁ)]’ (56)

f=20( =

and boundary conditions such that the exact solution is u(x, y) = [14 e~ s&=B+u0=811-1 which is at
least u € C2(€2) as can be seen in Figure 10. This model problem presents an internal boundary layer
when convection is dominant.

Figure 10 contains several results grouped into six rows, and each row contains three subfigures. In
the top row are shown: the exact solution (left), its first derivative in x (center), and its first derivative in
y (right). The derivatives of the exact solution were not calculated at the boundary points to facilitate
comparison with the derivatives of the numerical solutions. In the second row of Figure 10 are shown:
the numerical solution of the CC scheme (left), its first derivative at x (center), and its first derivative
at y (right). For the same reasons as in the 1D case, all derivatives of the numerical solutions were
not calculated at the boundary points. Third row shows: the numerical solution of the UPW scheme
(left), its first derivative at x (center), and its first derivative at y (right). Fourth row shows: the second
derivative at x of the exact solution (left), its second derivative at y (center), and its second derivative
crossed at x and y (right). The fifth row shows: the second derivative at x of the numerical solution of
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the CC scheme (left), its second derivative at y (center), and its second derivative crossed at x and y
(right). Finally, the sixth row shows: the second derivative at x of the numerical solution of the UPW
scheme (left), its second derivative at y (center), and its second derivative crossed at x and y (right).
It can clearly be seen the spurious oscillations in the solution of the CC scheme and the smearing
effect in the solution of the UPW scheme. These two ‘pathologies’ also appear in all first and second
order derivatives, but this type of comparison is more qualitative than quantitative.

Figure 11 presents the errors measured in the [, (left of the first row), h, (center of the first
row), h, (right of the first row), wl, (left of the second row), wh, (center of the second row) and wh,
(right of the second row) norms. The derivatives of the numerical solutions were calculated using
equations (29-30), (31-32) and (33-34), which do not include the boundary points. The main highlight
here is that the global errors in the [,, h, and h, norms are not monotonically decreasing for the
UPW scheme in the asymptotic region of convergence. This may lead one to believe that the UPW
scheme is not convergent, since the errors of the CC scheme are monotonically decreasing in the
asymptotic region of convergence. However, the errors in the wl,, wh, and wh, weighted norms are
monotonically decreasing, showing that both schemes are convergent. Again, this is an argument
in favor of including the errors measured in the weighted norms in the analysis. In addition, the
convergence rates calculated with the wl,, wh, and wh, weighted norms are closer to the theoretically
expected ones a priori than those calculated with the [,, h, and h, norms.

Figure 12 presents the errors measured in the h,; seminorm uses equation (48) (left of the first
row), h, seminorm uses equation (50) (center of the first row), wh, seminorm uses equation (49) (left
of the second row) and wh, seminorm uses equation (51) (center of the second row). In addition, the
errors of the second cross derivative measured in the h, seminorm (right of the first row) and wh,
seminorm (right of the second row) are presented. These last two subfigures allow us to evaluate the
impact of the cross derivative on the global error of each scheme. As can be seen, the error increases
as the approximations of the derivatives are included in the analysis. Comparing the error in the h,
or wh, norm with the error in the h, or wh; seminorm, it can be concluded that the contribution of
the derivatives to the global error is greater than that of the solution (error in the [, or wl, norm). This
same conclusion remains valid when comparing the error in the h, or wh, norm with the error in the
h, or wh, seminorm. Furthermore, the contribution of the cross derivative to the error in the h, or wh,
norm and h, or wh, seminorm is very significant, even though this derivative is not part of the PDE.

The asymptotic convergence rates of both schemes are different and follow the same pattern
as the previous model problems. The global error of the CC scheme has as asymptote the straight
line with slope mi¢¢ = —3 for all weighted norms and weighted seminorms, while the UPW scheme
has as asymptote the straight line with slope md“"W = —2 When weighted norms are not used, the
global error of the CC scheme has as asymptote the straight line with slope m3¢¢ = —1 for all norms
and seminorms, while the UPW scheme has as asymptote the straight line with slope ma'"" = 0.
Again, it is possible to note that the asymptotic convergence rates verify the following relationship
mash = ma>ch 2 Comparing the asymptotic convergence rates of both schemes for the same norm
or seminorm also verifies the same relation previously mentioned: m§’™ = m4 + 1, which shows
that the CC scheme has one order more in the asymptotic convergence rate than the UPW scheme.

Table Il presents absolute global errors for the three model problems analyzed in 2D case. Six
vector norms are used to calculate these errors. The usual norm or euclidean norm and five other
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Figure 10. Exact and numerical solutions, their derivatives for D = 0.02,v = (1,2), 3= 0.5,h = 0.05and P, ~ 2.8.
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Figure 11. Global errors in the [, h,, h,, wl,, wh, and wh, norms for D = 0.02, v = (1,2).
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Figure 12. Global errors in the h,, h,, wh,, wh, seminorms and the cross derivative for D = 0.02, v = (1,2).

new norms. That is, the [,, h,, h, norms and their respective wl,, wh,, wh, weighted norms. Errors are
calculated for the two classical schemes analyzed in this study: centered and upwind. Two different
values of the diffusion coefficient D and three mesh parameters h are used for each model problem. It
is possible to note that wl,, wh,, wh, weighted norms are more appropriate than [,, h,, h, norms as it
had already been observed in Figures 4, 7 and 10. In addition, errors in h,, h, norms are larger than in
[, norm, as they include the errors of the first and second derivative respectively. It should be noted
that in the problem with smooth solution the errors of the second derivative for the upwind scheme
are much larger than those of the centered scheme. In problems with boundary layers the errors of
the second derivative are large for both schemes.
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Table Il. Global error in six norms as a benchmark for the 2D case.

hp, 1E],, NE . IE< ], NE s, NE 1EC N,
JEVP™,, VP, [P, 1], TP, [EP¥
Problem with smooth solution: D = 0.02, v = (1,2).
0.1 5.88612x 102 1.43898x10~" 3.477300979 £4.86456x10~* 118924%1073 2.87380x1072
5.590169943 1.031411989 2.268270690 573743%10" 8.52406x1073 1.87460x10~2 47168%10~"
0.018181818 1.07455%10~2 4039181072 2.212529613 3.42653x107° 1.28800x107° 7.05526x10~*
1.016394535 1189591336 5.287652239 379997 %102 379333x10~% 1.68611x1073 1.21172x10~"
0.0018018018 1.06476x1073 5.27423x1073 3.77710x10~" 3.44432x107° 170612x10~8 122182x10~°
0.100723782 1.227459770 1.30370%10" 116313%10° 3.97061x107° 421724107 376252x1073
Problem with smooth solution: D = 0.002, v = (1, 2).
0.009090909 5.85047%1073 2.99295x 102 1.60226%10" 4748371077 2.42914,x1076 1.30043%x1073
5.081972676 1.272307946 £4.062427223 216712x10° 1.03263x10~* 3.29715% 10~ 175888x10~"
0.00180180180 115696 %103 113069x10~2 8.984289663 3.74256x10~° 3.65760x10~8 2.90625x107°
1.007237827 1.288368441 1.52496 % 10" 1.26456 % 10% 416764x107° £4.93298%107° £4.09063% 1072
0.001 6.42071%x107% 7.53284%1073 6261015290 6.40789x1010 7.51779x10~° 624851107
0.559016994 1.290276297 2.26437%10" 1.96258x10% 1.28769x10~6 2.25985x10~° 1.95866 %102
Problem with external boundary layer: D = 0.02, v = (1,2).
0.1 2.983791690 199373x10" 1.26624x10° 2.46594x1072 1.64771x10~" 1.04648%10"
5.590169943 £4.97301x107" 3.600503696 3.04787x10? £410992x1073 2.97562x1072 2.518905063
0.018181818 8.91070x10~" 8.63881x 10" 8.28649%10° 2.84142x107* 2.75472x1072 2.642376951
1.016394535 2.087243529 5.82057x10" 3.91013x10% 6.65575x 10 1.85605x 1072 1.246853992
0.0018018018 7.79735%102 2.39500x% 10" 2.36740%103 2.52230%1077 7747611070 7.65814x103
0.100723782 2.855028489 4.42838 %102 £417801%10% 9.23551x10~° 1.43250%1073 1.35151x 107"
Problem with external boundary layer: D = 0.002, v = (1,2).
0.009090909 9.760563082 6.58703%102 5.00661x10° 7.92189x 10~ 534618102 4.06347%10"
5.081972676 2.063162631 1.54581x 102 118126x10° 1.67451x10~% 1.25462x1072 9.587409975
0.00180180180 2.856997263 2.77480%103 2.67787x108 9.24187%107° 8.97599x1073 8.662451708
1.007237827 6.863688211 1.87102x10° 1.29038x10° 2.22028x107° 6.05242x1073 417180973
0.001 1.484025683 2.52415%10° 2.46966x10° 1.48106x10° 2519111073 2.464736653
0.559016994 7.932131554 4.74349%10° 4.05095x10° 7.91629x10° 4.73402x1073 4042863234
Problem with internal boundary layer: D = 0.02, v = (1, 2).
0.1 8.446109057 7.03863%10" 3.23721x10° 6.98025%102 5.81705%10~" 2.67538%10"
5.590169943 3718722487 3.66713x10" 1.02918 %103 3.07332x1072 3.03068x107" 8.505662190
0.018181818 £4.59373x107" 2.57003%10" 2.92639x10° 1.46483%x10~* 819526 %1073 9.33160x10~"
1.016394535 1.530775374 £4.62378%10" 5.44430% 10 £4.88129 <10~ 1474421072 1736067531
0.0018018018 3.97789% 102 2287441229 314389%10? 1.28677x10~7 7.39946x107° 1.01699x 1073
0.100723782 1.668421254 5.85492% 10" 6.08132x103 5.39704x107° 1.89396x 10~ 1967191072
Problem with internal boundary layer: D = 0.2, v = (5, 10).
0.1 1773815281 2.22999x10" 7.35023 %102 1.46596x10~2 1.84297x10~" 6.074571786
2.795084971 1182882717 1.30081x10! £4.87001x10? 9.77589x 1073 1.07504x107" 4024807239
0.033333333 2.88051x10~" 8.217496372 £4.78853%10? 2.99741x107* 8.55098 %1073 4.98286x107"
0.931694990 1.050269978 1.68475% 10" 9.63863%10? 1.09289x1073 175312x10~2 1.0029797886
0.003571428 276336x1072 8.25561x10" 5.67455%10" 3.49965x1077 1.04553x107> 718652x10~%
0.099824463 1149933911 215842%10" 1.09510x10% 1.45633x107° 273353x107* 1386881072

For qualitative comparison purposes, the solutions of the two cases for the model problem with
internal boundary layer are presented. Figure 10 shows the solutions and their derivatives for the first
case (D = 0.02, v = (1,2)), while Figure 13 presents the solutions and their derivatives for the second
case (D = 0.2, v = (5,10)). In both figures, a grid of 21 x 21 nodes is used.

To conclude the results and discussion section, it should be emphasized that only the global errors
measured in the weighted norms and seminorms always have a monotonic decreasing convergence
in the asymptotic region. That is, the global error tends to zero when h tends to zero for all h < hy,,,
where h,,, denotes the starting point of the asymptotic convergence region for each norm m. Meshes
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with h > h,, belong to the pre-asymptotic region, where there is no guarantee of monotonic
convergence always. In cases where the exact solution is smooth, the global error may present
monoticity in the pre-asymptotic region for the [, or wl, norm (Figures 1, 5, 6). However, this monoticity
in the pre-asymptotic region is lost in cases of exact solutions with a boundary layer. It is in this
pre-asymptotic region where the spurious oscillations of the schemes appear, that is, in this region
the stability of the scheme is very different from that which occurs in the asymptotic region. For all
cases presented in this analysis (1D and 2D), the starting point of the asymptotic region in the [, norm
(hgo) always corresponds to a coarser mesh than the starting point of the asymptotic region in the
h, norm (hy,), which in turn always corresponds to a coarser mesh than the starting point of the
asymptotic region in the h, norm (hy,). This statement is also valid for weighted norms and for all
seminorms (hy, < hy, < hy). Therefore, a mesh that guarantees an acceptable approximation for the
solution u does not guarantee an acceptable approximation for the derivatives of u.

The global error can be estimated a priori or calculated a posteriori. In general, a priori estimates
of the global error do not provide a good characterization of the scheme’s performance in the
pre-asymptotic region. This is because in a priori estimates it is common to assume that the derivatives
of the exact solution are fairly ‘regular’ and bounded functions. Thus, a priori estimates determine for
each scheme an asymptotic bound of the global error for the asymptotic region described by equation

(57).
||EGUse

, <Clul, hmE" (57)

where C > 0 is a constant, h is the grid parameter, # denotes the chosen norm, and m%fc’“ denotes
the asymptotic convergence rate in that norm. Therefore, the actual global error will be close to this
asymptote only in cases where the problem data (domain region QUOS, source f, boundary conditions,
PDE coefficients D and v) guarantee that the derivatives of the exact solution verify the assumptions
of ‘regularity’ and boundedness assumed a priori. The smooth exact solutions presented here are
examples where the global error presents a behavior similar to that of the a priori estimates in both
pre-asymptotic and asymptotic regions if the wl, weighted norm is used. However, the exact solutions
with boundary layers presented here are examples where the global error behaves close to the a priori
estimate only after a certain refinement of the mesh (asymptotic region).

On the other hand, the a posteriori calculation of the global error allows a detailed
characterization of both the pre-asymptotic and asymptotic regions. However, in order to perform
a good a posteriori analysis, it is important to know both the exact and the numerical solution. The
exact solutions presented here allowed us to calculate the actual global error (exact if round-off
is disregarded) a posteriori, and thus determine the actual convergence rate of each scheme. It
should be emphasized that even in the asymptotic region of convergence, this convergence rate is not
constant, since it presents a smooth monotonic variation that has as its asymptote the convergence
rate obtained by the a priori estimate. This a posteriori study of the global error allowed us to find for
each scheme the following relationship between the asymptotic convergence rates measured in the
weighted norms and the classical ones

masch = maseh 4 dimension(Q), (58)
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where for each scheme m2 denotes the asymptotic rates measured in the weighted norms or
seminorms, m% in the classical norms or seminorms, and dimension(Q) = 1 for the 1D case and 2
for the 2D case.

Finally, the norms and seminorms introduced here can be applied to any finite-dimensional vector,
and not only to vectors obtained by solving the PDE with finite differences. This is because a vector is an
array of numbers, where each number represents the coordinate or component of the vector. The order
of the components is not the most important, since it depends on the choice of the reference system,
and this order can be modified with elementary transformations. Therefore, the difference between
the coordinates of the vector can be defined, which can be seen as some kind of finite difference,
whose interpretation will depend on what the components of the generic vector represent. When this
finite difference can be infinitesimal, we obtain the traditional concept of derivative; otherwise, we
can only define the finite or non-infinitesimal difference. Therefore, these new norms and seminorms
applied to any generic vector allow us to estimate different variations that may occur in this vector, and
these are new properties of the vector that can be analyzed. These new properties are different from
the property estimated or measured by the usual Euclidean norm, since the usual norm allows us to
analyze the length of the vector, but not any type of variation that may exist between the components
of the vector. Note that |U[, < |U], + |U“>|h1, that is, the h; norm estimates a new length for the
vector U, which is upper bound by the sum of the Euclidean length with a length that represents a
variation of the vector U. Similarly, [U], < U], + |U“>|h1 + |U<2>|hz and so on. Thus, these new norms
and seminorms will find application in many branches of mathematics, physics and engineering. The
first application was presented in this paper.

CONCLUSIONS

For the first time in the finite difference framework, the new h, and h, vector norms and new h; and h,
vector seminorms are introduced. These norms and seminorms are analogous to the H" and H? norms
and seminorms used in the finite element framework. Although the (,, h, and h, norms brought much
interesting and novel information to the study of the performance of the schemes, the wl,, wh, and wh,
weighted norms added even more novelty, since with them it was possible to observe convergences
of the schemes similar to what should be expected theoretically a priori. Furthermore, the new h;, h,,
wh, and wh, seminorms allow the impact on the global error of the derivatives of each scheme to be
assessed separately, and this is a completely new tool in the finite difference framework. These norms
and seminorms and their weighted versions are valid for uniform and non-uniform meshes. Numerical
results indicate that a mesh that guarantees an acceptable approximation for the solution u does not
guarantee an acceptable approximation for the derivatives of u. For this reason non-uniform meshes
and new schemes will be analyzed in future articles, research on which is already underway.

Thus, the finite difference framework now has new tools analogous to the finite element
framework to analyze the methods, of course observing the differences and peculiarities of
each framework. Both methodologies have a robust mathematical foundation. The finite element
method is supported by functional analysis, while the finite difference method is supported by
numerical analysis. The above is not intended to establish any type of competition between the two
methodologies. Quite the contrary, both methodologies are two different approaches to numerically
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solving PDEs, which can complement each other, since each of them has the so-called ‘advantages’
and ‘disadvantages’. For example, in Santos et al. (2022), a mixed approach was developed to take
advantage of some ‘advantages’ of both methodologies. In addition, a good example to note the
complementarity of both methodologies can be seen in the finite volume method, since it uses
ingredients from both methodologies in its formulation: volume integrals and difference formulas
to approximate the flows in each volume.

On the other hand, exact solutions with boundary layers are proposed as benchmarks together
with the errors in the new vector norms of two classical finite difference schemes. The relevance of
these exact solutions goes beyond the numerical analysis of each scheme. For example, these exact
solutions can be used in the verification and validation of computer codes. Furthermore, they can also
be used in the finite element and finite volume framework.

It is clear that this paper introduces a paradigm shift in the framework of finite differences. It
should be said that the usefulness of these new norms and seminorms is not limited to the results
presented here. For example, in the future it will be possible to make theoretical estimates a priori of
the global error in the new norms and seminorms, further enriching the numerical analysis in the finite
difference framework. Furthermore, all of the above can be extended to the finite volume framework,
since this method uses finite difference formulas to approximate the flows in each volume. On the
other hand, this work together with the Complete Centered Finite Difference Method, introduced by
Alvarez et al. (2024), allows us to glimpse new horizons in the robust and very useful finite difference
framework.
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